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1 Introduction
One of the main research topics on mean curvature flow is the study of self-similar so-
lutions particularly as models of singularities after suitable rescalings of the flow [27],
[28], [50], [15], [16], [17]. From another point of view, self-shrinkers, self-expanders
and translating solitons can be considered as weighted minimal submanifolds for
some suitably chosen densities in Euclidean space, see for instance [44], [31], [36],
[11] and references therein. In other terms, they are minimal submanifolds with re-
spect to a Riemannian metric conformal to the Euclidean one. Finally, as pointed
out in [15] self-shrinkers are critical hypersurfaces for the entropy functional.
The subject experienced an increasing activity after the seminal paper by Colding
and Minicozzi [15] that inspired an impressive amount of work on existence and
classification problems, rigidity results, stability and spectral properties [16], [17],
[18], [34], [8], [13], [19], [39] only to mention a few contributions most related to the
present work.
However, to the best of our knowledge, there is no systematic investigation of
mean curvature flow solitons in Riemannian ambient spaces in spite of some relevant
contributions as, for instance, [30], [23], [32], [46]. The aim of this paper is to in-
troduce a notion of mean curvature flow soliton general enough to encompass target
spaces of constant sectional curvature, Riemannian products or, in increasing gener-
ality, warped product spaces. In fact, the definition we propose only refers to some
vector field X on the target manifold. A number of examples described in Sections
2 and 3 indicates how this general notion recovers those already existing in the liter-
ature. As expected the definition below is motivated by the self-similarity of certain
special solutions of the mean curvature flow with respect to the flow generated by
the vector field.
Definition 1.1 An isometric immersion ψ : Mm → M¯n+1 is a mean curvature flow
soliton with respect to X ∈ Γ(TM¯) if
cX⊥ = H (1.1)
along ψ for some constant c ∈ R.
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Euclidean self-shrinkers and self-expanders correspond to the choice of X as the
position vector field in M¯ = Rn+1 and, respectively, constants c < 0 and c > 0.
In the same way, translating solitons in Riemannian products M¯ = R × P are
mean curvature flow solitons with respect to the parallel vector field that generates
translations along the factor R. In all these cases, X is a closed conformal vector
field. Restricting ourselves to this class of vector fields we obtain as a consequence
of the definition above the tensor equation
II−H +
c
2
£X⊤g = cϕg (1.2)
where g is the Riemannian metric in the soliton and ϕ = 1
n+1
divX . This equation
is structurally close to that defining Ricci solitons and it enables us to recover,
for instance, a Hamilton type identity and related consequences in a quite general
context. Because of these similarities and other further properties we expect that
the machinery of maximum principles, recently applied by one of us to the study
of complete (non-compact) Ricci solitons and to Euclidean self-shrinkers [10], [6]
should provide an effective tool of investigation also in this context. This is indeed
the case under the assumption that X is a conformal closed vector field. In this
case we identify some natural geometric quantities that satisfy elliptic equations
or differential inequalities in a simple and manageable form for which the weak
maximum principle is valid as explained in detail in Section 6. As it is well known
the existence of a closed conformal vector field imposes (in general local) restrictions
on the geometry of M¯ analyzed in the work of Montiel [40]. It turns out that is
not a severe loss of generality to restrict ourselves to manifolds M¯ given by warped
product spaces. However, when possible we state our results in greater generality.
In sum, in some sense our most important contribution is to fix a unified, ge-
ometrically natural and analitically treatable notion of self-similar solutions of the
mean curvature flow in the presence of a conformal or parallel vector field X in in
the ambient space. We now describe the general plan of the paper; in doing so we
also indicate some results that we feel to be of a certain interest.
Plan of the paper. The paper is organized as follows. In Section 2 we introduce
the general definition of self-similar mean curvature flow in a Riemannian manifold
M¯n+1 endowed with a vector field X . We illustrate the definition with a number
of examples showing also, for instance in the Euclidean space with X the position
vector field, that the new definition agrees with those known in the literature. Further
examples enlightening the dependence onX are given in hyperbolic space, the sphere,
Riemannian and warped product spaces and so on. In Proposition 2.1 by way of
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equations we characterize the notion of self-similar mean curvature flow. For X
conformal the result points the formal similarity with Ricci solitons mentioned above
and that will be reconsidered in Section 3 and analyzed in some aspects in Section
6.
We formally introduce the notion of mean curvature soliton in Definition 3.1
in Section 3. Note that in our definition the mean curvature vector field is non-
normalized. Starting from equation (1.1) we basically reprove Proposition 2.1 but
from a different perspective. We then give further examples in several interesting
geometric settings M¯ .
Section 4 is devoted to the detailed description of the special case of warped
product spaces of the form I ×h P n with h : I → R+ = (0,+∞), I ⊂ R an open
interval. From this section on the vector field X on M¯ will always be assumed closed
and conformal. Next, in Section 5 we introduce a function which will be essential in
our study, namely
η(x) =
∫ t(ψ(x))
t0
h(τ) dτ, x ∈M,
for some fixed t0 ∈ I, where t denotes the natural coordinate in the factor I. With
the aid of the previous results, in Proposition 5.1 we establish the first two basic
equations
∆η = mϕ+
1
c
|H|2 (1.3)
∆−cηη = mϕ + c|X|2 (1.4)
that we shall use for the study of the geometry of mean curvature flow solitons.
The choices M¯ = I ×h P n and X = h(t)∂t reveals necessary to give to equations
(1.3) and (1.4) a form that will be possible to treat with the analytical tools in part
introduced in the Section 6. Indeed, the aim of Section 6 is to introduce and describe
the weak maximum principle basically for operators of the form ∆f = ∆− 〈∇f,∇ ·〉
for some f ∈ C1(M). We recall some sufficient conditions for its validity, as well as
its equivalent open version. We extend our considerations also to parabolicity viewed
as a stronger form of the weak maximum principle. We then show some simple and
geometrically significant conditions to guarantee that the weak maximum principle
holds for a certain operator on a complete mean curvature flow soliton. This is the
content of Theorem 6.1. The proof of this result is based on an upper weighted
volume estimate of geodesic balls. Other estimates of this type can also be obtained
via the similarity of mean curvature flow solitons with Ricci solitons established by
(1.2). At this respect we refer the reader to Propositions 6.4 to 6.7.
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Section 7 contains the first applications of the weak maximum principle to mean
curvature flow solitons. We begin this section by characterizing those immersions
with image in a leaf of M¯ = I ×h P n that are mean curvature flow solitons with
respect to the vector field X = h(t)∂t. This will justify the study of the function
ζ(t) = mh′(t) + ch2(t) (1.5)
that will frequently appear in our considerations and that will be called the soliton
function.
We then give some first simple applications of the weak maximum principle and
parabolicity for the operator ∆−cη. Our results in this section are all based on the
analysis of the equations (1.3) and (1.4) in the particular case of warped product
spaces. The aimed result is to show that, under various different assumptions, the
image of a mean curvature flow soliton is a leaf of the natural foliation of M¯ = I×hP n
induced by X . We also give some height estimates, for example those contained in
Corollary 7.11.
Sections 8 and 9 constitute the core of the paper. In Proposition 8.1 we introduce
a new fundamental equation satisfied by |H|2 in complete generality, that is, for a
mean curvature flow soliton with respect to a generic closed conformal vector field
X on the target space. However, in order to be able to deal with the complexity of
equation (8.1), we restrict ourselves to the case M¯ = I×hP , a warped product space
with fiber P of constant sectional curvature. In this setting, we deduce some rigidity
results when |H|2 is integrable (in a weighted measure), see Theorem 8.4. Moreover,
Theorem 8.5 extends to our much more general setting results proved by Cao and Li
[8] and Ding and Xin [19] for self-shrinkers in the Euclidean space. See also Remark
8.1 and what follows for a characterization result in the same spirit.
In Subsection 8.1 we deal with codimension one mean curvature flow solitons in
the particular case when M¯ is an Einstein space. We then obtain some vanishing
results for |H| both with the help of the weak maximum principle or with a second
technique developed in [43]. Theorem 8.10 generalizes a well known result for self-
shrinkers of Rn+1 due to Cao and Li [8]. Corollary 8.11 covers the codimension 1
case in Rn+1 extending [8] and it will be given also in a general codimension case but
with more stringent assumptions in Corollary 8.13.
Section 9 deals with applications of a Simons’ type formula for mean curvature
flow solitons in a space of constant sectional curvature. Again we produce a sort of
rigidity results such as Theorem 9.2 for the compact case and Theorem 9.3 for the
non-compact case for which we prove the vanishing of the tensor
V = ∇H ⊗ A−H∇A
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with A the Weingarten operator. In favorable circumstances, for instance for M¯ =
Rn+1, the vanishing of V gives rise to a classification result in terms of special exam-
ples of mean curvature flow solitons via the work of Mart´ın and collaborators [39].
It is worth to point out that for general ambient spaces much has to be done in this
direction. Particularly interesting is Theorem 9.4 together with the observation that
assumption (9.21) can be substituted with (9.32) implied by an Lp condition on H
and A as in assumption (9.33) of Corollary 9.6. The section ends with three results
proving that the soliton is totally umbilical under different various assumptions.
Section 10 shows the non-existence of translating soliton graphs confined in ap-
propriate regions of a product space R×P . See Theorem 10.2. Some examples and a
further elaborated discussion on translating solitons in general Riemannian products
may be found at [35].
In the next section we present, in the codimension one case for simplicity, how
the equation characterizing mean curvature flow solitons can be recovered as the
Euler-Lagrange equation of an appropriate weighted volume functional. In this way,
we justify the notion of stable as well as both finite and infinite index mean curvature
flow solitons. We then study relations between the volume growth of geodesic balls
and other geometric quantities via the eigenvalues of the weighted Laplacian natu-
rally associated to a soliton immersed into a warped product I×hP ; see for instance
Corollary 11.7. We end this paper with some sufficient conditions for the soliton to
have infinite index. We emphasize the fact that the techniques used in this section
are quite different from the applications of the maximum principle in the previous
sections.
2 Self-similar mean curvature flows
Let Mm and M¯n+1 be Riemannian manifolds. Given ω∗ < 0 < ω∗, we consider a
differentiable map
Ψ : (ω∗, ω
∗)×M → M¯ (2.1)
such that Ψτ = Ψ(τ, ·) is an immersion, for all τ ∈ (ω∗, ω∗). We denote ψ = Ψ0. The
submanifolds Ψτ (M), τ ∈ (ω∗, ω∗), are evolving by their mean curvature vector field
if
dΨ
dτ
= Ψ∗
∂
∂τ
= H, (2.2)
where
H =
( m∑
i=1
∇¯Ψτ∗eiΨτ∗ei
)⊥
(2.3)
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is the (non-normalized) mean curvature vector of Ψτ . Here and in what follows ⊥
indicates the projection onto the normal bundle; the local tangent frame {ei}mi=1 is
orthonormal with respect to the metric induced in M by Ψτ . The notations g¯ = 〈·, ·〉
and ∇¯ stand for the Riemannian metric and connection in M¯ , respectively.
For a given vector field X on M¯ , we set Φ : (Ω∗,Ω∗) × M¯ → M¯ to denote the
flow generated by X defined in the maximal interval (Ω∗,Ω∗). Let s be the flow
parameter in Φ and define
Ψ˜τ (x) = Ψ˜(τ, x) = Φ
−1(σ(τ),Ψτ (x)), x ∈M, (2.4)
where σ : (ω∗, ω∗) → (Ω∗,Ω∗) is a reparametrization of the flow lines of X of the
form
s = σ(τ).
Equivalently we can write
Ψ(τ, x) = Φ(σ(τ), Ψ˜(τ, x)), (τ, x) ∈ (ω∗, ω∗)×M. (2.5)
Definition 2.1 Let M¯n+1 be a Riemannian manifold endowed with a vector field
X ∈ Γ(TM¯). Given an m-dimensional Riemannian manifold Mm we say that a
mean curvature flow Ψ : (ω∗, ω∗)×M → M¯ is self-similar if there exists an isometric
immersion ψ : M → M¯ and a reparametrization σ : (ω∗, ω∗) → (Ω∗,Ω∗) of the flow
lines of X such that
Ψτ (M) = Φσ(τ)(ψ(M)), (2.6)
for all τ ∈ (ω∗, ω∗), where Φ : (Ω∗,Ω∗) × M¯ → M¯ is the flow generated by X. In
other terms, Ψ˜τ (M) = ψ(M), for all τ ∈ (ω∗, ω∗).
Although the above definition does not require special properties of X , in the
examples below, used to illustrate the concepts, we deal with a conformal vector
field X and later on we will restrict ourselves to a closed conformal vector field. This
choice is due to the desire of simplifying equations, as we will see. For the moment,
let us recall that X is said to be conformal if
£X g¯ = 2ϕ¯ g¯, (2.7)
is satisfied, where
ϕ¯ =
1
n+ 1
divM¯X. (2.8)
Furthermore, see section 4, the conformal vector field X is closed if the 1-form
metrically equivalent to X is closed. This amounts to the validity of the condition
∇¯UX = ϕ¯U, for all U ∈ Γ(TM¯). (2.9)
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We refer the reader to Section 4 for further details on the geometry of M¯ in the
presence of conformal closed vector fields.
We now consider some examples to illustrate Definition 2.1.
Example 2.1 Choose M¯ = Rn+1 with the Euclidean metric expressed outside the
origin o = (0, . . . , 0) ∈ Rn+1 in polar coordinates (t, θ) ∈ (0,∞)× Sn as dt2 + t2dθ2,
where dθ2 denotes the standard metric in Sn. Let
X(x) = x,
for x ∈ Rn+1 and
Φ(s, x) = esx
for (s, x) ∈ R× Rn+1, where s = log t. We note that
Φ∗
∂
∂s
∣∣∣
(s,x)
= X(Φ(s, x))
and that in terms of polar coordinates one has
X = t∂t.
Fix M = Sn and let ψ : Sn → Rn+1 be the standard inclusion map. Choose a
reparametrization σ : (ω∗, ω∗)→ (−∞,∞) of the form
s = σ(τ) = log t(τ)
and define Ψ : (ω∗, ω∗)× Sn → Rn+1 as
Ψ(τ, x) = Φ(σ(τ), ψ(x)) = t(τ)ψ(x).
This defines a mean curvature flow if and only if
∂Ψ
∂τ
= − n
t(τ)
∂t
∣∣
Ψ(τ,x)
for (τ, x) ∈ (ω∗, ω∗)× Sn. However we have
∂Ψ
∂τ
=
∂Φ
∂s
ds
dt
dt
dτ
= t(τ)
1
t(τ)
dt
dτ
∂t
∣∣
Ψ
=
dt
dτ
∂t
∣∣
Ψ
from which we infer
dt
dτ
= − n
t(τ)
·
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Solving this equation we find
t(τ) =
√
c− 2nτ
for c > 0 and τ ∈ (−∞, c/2n). We conclude that
Ψ(τ, x) =
√
c− 2nτ ψ(x),
for (τ, x) ∈ (−∞, c/2n)× Sn, with
Ψ(0, x) =
√
c ψ(x), x ∈ Sn,
is a self-similar mean curvature flow in Rn+1 according to Definition 2.1. It recov-
ers the well-known classical Euclidean example of self-shrinker evolving concentric
spheres. The self-expander evolving concentric spheres example correspond to invert
the orientation of the flow lines, that is, to consider the vector field X = −t∂t.
Example 2.2 In general, consider a warped product of the form M¯ = I×hP , where
I is an open interval in R and P is a n-dimensional Riemannian manifold. We define
a warped metric in M¯ expressed in coordinates (t, x) ∈ I × P as dt2 + h2(t)g0(x),
where h is a positive smooth function in I and g0 stands for the metric in P . We
refer the reader to Section 4 for further details on warped product geometry.
In this setting, the vector field X = h(t)∂t is conformal and closed (see equation
(4.8) in Section 4) and the flow parameter is given by
s =
∫
dt
h(t)
(2.10)
up to an additive integration constant. Indeed, the flow lines are described in terms
of coordinates (t, x) ∈ I × P as
Φ(s, x) = (t(s), x)
what implies that
Φ∗
∂
∂s
=
dt
ds
∂t|Φ = dt
ds
1
h(t)
X(Φ(s, x)).
Hence we have
ds
dt
∣∣∣
t
=
1
h(t)
, t ∈ I.
Having fixed t0 ∈ I, we define a mean curvature flow in M¯ by
dΨ
dτ
∣∣∣
(τ,x)
= −nh
′(t(τ))
h(t(τ))
∂t
∣∣
Ψ(τ,x)
, (2.11)
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where (τ, x) ∈ (ω∗, ω∗)×Pt0 and ′ indicates derivative with respect to t. Here M = Pt0
denotes the leaf {t0} × P in M¯ whereas the open interval (ω∗, ω∗) is the maximal
interval of definition of the solution of the equation
dt
dτ
∣∣∣
τ
= −nh
′(t(τ))
h(t(τ))
.
Indicating with τ(t) the inverse function of t(τ), one has
nτ(t) = −
∫ t
c
h(r)
h′(r)
dr + nτ(c),
for some constant c ∈ I. It follows that the map Ψ given by
Ψ(τ, x) = Φ(s(t(τ)), x),
for (τ, x) ∈ (ω∗, ω∗)× Pt0, satisfies (2.11) above with initial condition
Ψ(0, x) = Φ(s(c), Pt0).
We conclude that Ψ defines a self-similar mean curvature flow in the warped space M¯ .
This example extends Example 2.1 in the general setting of warped product spaces.
Indeed, Ψ is a mean curvature flow of the totally umbilical leaves Pt. In particular,
in the Euclidean case, where P = Sn, we have h(t) = t and Pt = S
n(t).
Example 2.3 As a special case of the previous example, we consider the hyperbolic
space Hn+1 of constant sectional curvature −1, described as the warped product space
R ×h Rn, where h(t) = et, t ∈ R. In this particular description, the leaves of the
natural foliation t 7→ {t} × Rn are horospheres. We have X = et∂t and the flow
parameter is chosen to be
s = C − 1
et
, t ∈ R,
for some constant C and s ∈ (−∞, C). We may define a mean curvature flow by
setting
dΨ
dτ
∣∣∣
(τ,x)
= −n ∂t
∣∣
Ψ(τ,x)
for (τ, x) ∈ R×Pt0 , where Pt0 = {t0}×Rn for some t0 ∈ R. This gives a self-similar
mean curvature flow
Ψ(τ, x) = Φ(s(t(τ)), x),
for (τ, x) ∈ R× Pt0, where
t(τ) = c− nτ,
for some constant c. In this case the initial condition is Ψ(0, Pt0) = Pc and the
time-slices are horospheres.
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Example 2.4 Having fixed an origin o ∈ Hn+1, we now consider the model of
Hn+1\{o} as the warped product (0,∞) ×h Sn, where h(t) = sinh t, t ∈ (0,∞).
In this particular description, the leaves of the corresponding natural foliation are
geodesic spheres. We have X = sinh t∂t and the flow parameter is
s = log
(et − 1
et + 1
)
+ C, t > 0,
for some constant C and s ∈ R. In this model, we define a self-similar mean curva-
ture flow by
Ψ(τ, x) = Φ(s(t(τ)), x),
for (τ, x) ∈ (−∞, c/n)× Pt0, where
cosh t(τ) = ec−nτ ,
for a constant c. One concludes that with this choice of the function t = t(τ) the
flow has initial condition Ψ(0, Pt0) = Pc′, where c
′ = log(ec +
√
e2c − 1) and whose
time-slices are geodesic spheres.
Example 2.5 Foliating Hn+1 by equidistant hypersurfaces yields a different warped
product model of it, namely, as the product R ×h Hn, where h(t) = cosh t, t ∈ R.
With these choices we have X = cosh t ∂t and the flow parameter is
s = 2 arctan et + C,
for some constant C and s ∈ R. We now define a self-similar mean curvature flow
by
Ψ(τ, x) = Φ(s(t(τ)), x),
for (τ, x) ∈ R× Pt0, where
sinh t(τ) = ec−nτ ,
for a constant c. One concludes that with this choice of the function t = t(τ) one
indeed defines two self-similar mean curvature flows in Hn+1 with initial conditions
Ψ(0, Pt0) = Pc′, where c
′ = log(ec ±√e2c + 1) and whose time-slices are equidistant
hypersurfaces.
Example 2.6 The Euclidean sphere Sn+1 may also be described, outside a pair of
antipodal points {o,−o} ⊂ Sn+1, as the warped product space (0, π) ×h Sn, with
h(t) = sin t, t ∈ (0, π). In this particular description, the leaves of the corresponding
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natural foliation are geodesic spheres and we set X = sin t ∂t. We may define a
self-similar mean curvature flow by
Ψ(τ, x) = Φ(s(t(τ)), x),
for (τ, x) ∈ (−∞,−c/n)× Pt0 , where
cos t(τ) = ec+nτ ,
for a constant c. With these choices this flow has initial condition Ψ(0, Pt0) = Pc′,
where c′ = log(ec +
√
e2c − 1) and geodesic spheres as time-slices.
Example 2.7 (Cone manifolds, [23].) Suppose that M¯ is a cone manifold of the form
M¯ = (0,∞)×t P according to the notation in Example 2.2 above. Then the warped
product metric is expressed as dt2 + t2g0, where t is the natural parameter in (0,∞)
and g0 stands for the metric in P . The mean curvature flow in cone manifolds had
been previously studied in [23], where one can find a detailed description of parabolic
rescalings and the behavior of type I singularities.
Example 2.8 (Translating self-similar flows.) We consider the case of a parallel
vector field. Then ϕ¯ = 0. In particular, suppose that M¯ is a Riemannian product
of the form M¯ = I × P according to the notation in Example 2.2 above. Then the
product metric is expressed as dt2 + g0, where t is the natural parameter in I ⊂ R
and g0 stands for the metric in P . In this setting, the vector field X = ∂t is parallel.
Moreover the flow parameter is given by
s = t (2.12)
up to an additive integration constant. Fixed t0 ∈ I, we may define a mean curvature
flow in M¯ by
Ψ(τ, x) = (c, x), τ ∈ R,
for any x ∈ Pc = {c}×P . Less trivial examples may be given by evolving translating
graphs: consider a function u : (ω∗, ω∗) ×M → I and define Ψ : (ω∗, ω∗) ×M → I
as
Ψ(τ, x) = (u(τ, x), x).
This defines a mean curvature flow if and only if u satisfies the quasilinear parabolic
equation
∂u
∂τ
= W divP
(∇Pu
W
)
, (2.13)
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with
W =
√
1 + |∇Pu|2
where ∇P and divP are, respectively, the Riemannian connection and divergence in
(P, g0). This notion of translating soliton has been extensively studied in Euclidean
spaces, see for instance [29], [4], [14], [38], [39], [41], [45], [48], [49] only to quote a few
examples of the vast literature on the subject. Our definition is the natural setting to
these special flows in Riemannian products I × P with I ⊂ R.
Next, we present some fundamental consequences of Definition 2.1 that motivates
the notion of mean curvature flow soliton in a general geometric setting.
Proposition 2.1 Let Ψ : (ω∗, ω∗)×M → M¯ be a self-similar mean curvature flow
with respect to some vector field X ∈ Γ(TM¯). Then for all τ ∈ (ω∗, ω∗) there exists
a constant cτ such that
cτX = cτΨτ∗T +H, (2.14)
where H is the mean curvature vector of Ψτ = Ψ(τ, · ) and T ∈ Γ(TM) is the pull-
back by Ψτ of the tangential component of X. Furthermore,
∇¯⊥H+ cτ II(T, ·) = 0, (2.15)
where II is the second fundamental form of Ψτ and ∇¯⊥ is its normal connection.
Moreover, if X is conformal
II−H +
cτ
2
£T g = cτϕg, ϕ = ϕ¯ ◦Ψτ (2.16)
where g is the metric induced in M by Ψτ and II−H is its second fundamental form
in the direction of −H.
Proof. Differentiating both sides in (2.5) with respect to τ we obtain
dΨ
dτ
∣∣∣
(τ,x)
=
∂Φ
∂s
∣∣∣
(σ(τ),Ψ˜(τ,x))
dσ
dτ
∣∣∣
τ
+ Φσ(τ)∗(Ψ˜(τ, x))
dΨ˜
dτ
∣∣∣
(τ,x)
= X(Φ(σ(τ), Ψ˜(τ, x)))
dσ
dτ
∣∣∣
τ
+ Φσ(τ)∗(Ψ˜(τ, x))
dΨ˜
dτ
∣∣∣
(τ,x)
= X(Ψ(τ, x))
dσ
dτ
∣∣∣
τ
+ Φσ(t)∗(Ψ˜(τ, x))
dΨ˜
dτ
∣∣∣
(τ,x)
, (2.17)
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where Φσ = Φ(σ, ·). Since Ψ is a self-similar mean curvature flow with respect to X
there exists an isometric immersion ψ :M → M¯ such that Ψ(0, · ) = ψ and
Ψ˜τ (M) = ψ(M), (2.18)
for all τ ∈ (ω∗, ω∗). That is,
Ψτ (M) = Φ(σ(τ), ψ(M)).
Equation (2.18) implies that
dΨ˜
dτ
∣∣∣
(τ,x)
∈ TΨ˜(τ,x)ψ(M)
and
Φσ(τ)∗(Ψ˜(τ, x))
dΨ˜
dτ
∣∣∣
(τ,x)
∈ TΨ(τ,x)Ψτ (M).
We conclude that for all τ ∈ (ω∗, ω∗) the tangential component of dσdτX onto Ψτ (M)
is given by
X⊤(Ψ(τ, x))
dσ
dτ
∣∣∣
τ
= −Φσ(τ)∗(Ψ˜(τ, x))dΨ˜
dτ
∣∣∣
(τ,x)
where the superscript ⊤ denotes tangential projection. We note that the expression
cτΨτ∗T (τ, x) = −Φσ(τ)∗(Ψ˜(τ, x))dΨ˜
dτ
∣∣∣
(τ,x)
. (2.19)
defines a vector field T (τ, ·) ∈ Γ(TM), for each τ ∈ (ω∗, ω∗), where
cτ =
dσ
dτ
∣∣∣
τ
.
We conclude from (2.17) that
H|Ψ(t,x) = cτX(Ψ(t, x))− cτΨτ∗T (τ, x). (2.20)
Then, we rewrite (2.20) in the form
cτX|Ψτ = cτΨτ∗Tτ +H|Ψτ (2.21)
where Tτ (x) = T (τ, x).
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Next, for a fixed τ one computes along the immersion Ψτ with induced metric gτ
obtaining
£Tgτ (U, V ) = 〈∇UT, V 〉+ 〈U,∇V T 〉
where ∇ is the induced connection in (M, gτ ). Taking traces yields
trgτ£Tgτ = 2divgτT.
Using (2.21) one obtains
cτ∇¯Ψ∗UX = cτΨ∗∇UT + cτ (∇¯Ψ∗UΨ∗T )⊥ + ∇¯Ψ∗UH. (2.22)
Taking the normal projection in both sides one has
cτ (∇¯Ψ∗UX)⊥ = cτ (∇¯Ψ∗UΨ∗T )⊥ + ∇¯⊥Ψ∗UH.
If X is closed and conformal we have from (2.9) above that
∇¯Ψ∗UX = ϕΨ∗U, for all U ∈ Γ(TM)
where ϕ = ϕ¯ ◦Ψτ which yields
cτ (∇¯Ψ∗UΨ∗T )⊥ + ∇¯⊥Ψ∗UH = 0,
that is,
cτ II(T, U) + ∇¯⊥Ψ∗UH = 0. (2.23)
Next, denoting by II−H the second fundamental form of Ψτ in the opposite direction
of the mean curvature vector field H, one deduces from (2.7), that is, from the fact
that X is conformal,
2cτϕ〈Ψ∗U,Ψ∗V 〉 = cτ 〈∇¯Ψ∗UX,Ψ∗V 〉+ cτ 〈Ψ∗U, ∇¯Ψ∗VX〉
= cτ 〈∇UT, V 〉+ cτ 〈U,∇V T 〉+ 〈∇¯Ψ∗UH,Ψ∗V 〉+ 〈Ψ∗U, ∇¯Ψ∗VH〉
= cτ 〈∇UT, V 〉+ cτ 〈U,∇V T 〉 − 〈∇¯Ψ∗UΨ∗V,H〉 − 〈H, ∇¯Ψ∗VΨ∗U〉
= cτ £T g(U, V ) + 2II−H(U, V ),
where we have omitted the subscript τ for the sake of brevity. We then have proved
that Ψτ satisfies the soliton equation
II−H +
cτ
2
£T g = cτ ϕ¯ g. (2.24)
This completes the proof of Proposition 2.1. 
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3 Generalized mean curvature flow solitons
Motivated by the above geometric setting, we define a general notion of mean cur-
vature flow soliton with respect to a given vector field X ∈ Γ(TM¯) as follows.
Definition 3.1 An isometric immersion ψ : Mm → M¯n+1 is a mean curvature flow
soliton with respect to X ∈ Γ(TM¯) if
cX⊥ = H (3.1)
along ψ for some constant c ∈ R.
With a slight abuse of notation, we also say that the submanifold ψ(M) itself is the
mean curvature flow soliton (with respect to the vector field X). If m = n, that is,
for codimension 1, the condition becomes
H = c 〈X,N〉, (3.2)
where the mean curvature H , with respect to the local normal vector field N along
ψ, is given by
H = HN. (3.3)
We observe that in case X is a conformal vector field on M¯ , equation (3.1) is
enough to deduce the following important consequences that we have considered in
Proposition 2.1 in a different setting.
Proposition 3.1 Let ψ : Mm → M¯n be a mean curvature flow soliton with respect
to a conformal vector field X ∈ Γ(TM¯). Then along ψ we have
II−H +
c
2
£Tg = c ϕ g (3.4)
where g is the metric induced in M by ψ and II−H is its second fundamental form
in the direction of −H. Here the vector field T is defined by ψ∗T = X⊤ and
ϕ =
1
n+ 1
divM¯X ◦ ψ = ϕ¯ ◦ ψ. (3.5)
Furthermore, if X is also closed
∇¯⊥H+ c II(T, ·) = 0, (3.6)
where II is the second fundamental tensor of ψ and ∇¯⊥ is its normal connection.
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Proof. Using (3.1) by a direct computation we have for any tangent vector fields
U, V ∈ Γ(TM)
2cϕ g(U, V ) = c〈∇¯ψ∗UX,ψ∗V 〉+ c〈∇¯ψ∗VX,ψ∗U〉
= c〈∇¯ψ∗Uψ∗T, ψ∗V 〉+ c〈∇¯ψ∗V ψ∗T, ψ∗U〉 + 〈∇¯ψ∗UH, ψ∗V 〉+ 〈∇¯ψ∗VH, ψ∗U〉
= c〈∇UT, V 〉+ c〈∇V T, U〉+ 2II−H(U, V ).
Hence,
II−H +
c
2
£Tg = cϕg.
Now, if X is also closed, using (2.9) one has
0 = c(ϕψ∗U)⊥ = c(∇¯ψ∗UX)⊥ = c(∇¯ψ∗Uψ∗T )⊥ + c(∇¯ψ∗UX⊥)⊥
= c II(T, U) + (∇¯ψ∗UH)⊥ = c II(T, U) +∇⊥ψ∗UH
what concludes the proof of Proposition 3.1. 
Remark 3.1 There is a strict similarity between (3.4) and the equation defining
Ricci solitons. Indeed this latter can be expressed in the form
RicM +
1
2
£Ug = λg, (3.7)
for some U ∈ Γ(TM) and λ ∈ R. Note that if the Ricci soliton is gradient, that is,
U = ∇f for some f ∈ C∞(M) we deduce from (3.7) the fundamental equation
1
2
∇R = RicM(∇f, ·)♯ (3.8)
where R = trgRicM is the scalar curvature and ♯ denotes the musical isomorphism.
In (3.4) the tensor II−H plays the role of RicM . Its trace is −|H|2 and from (3.6)
we immediately deduce
1
2
∇|H|2 = c II−H(T, ·)♯ (3.9)
which has the same structure of (3.8).
Remark 3.2 In case of codimension 1 we shall characterize (3.2) in Section 11 from
a variational point of view al least in case M¯ has the structure of a warped product
M¯ = I×h P . In fact (3.2) characterizes weighted minimal hypersurfaces with respect
to a weight depending on X = h(t)∂t in the notation of Example 2.2 above.
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We now give some examples.
Example 3.1 Consider the Euclidean self-similar mean curvature flow Ψ of concen-
tric spheres in M¯ = Rn+1 given in Example 2.1. We fix a particular value τ¯ of the
parameter τ and denote
dσ
dτ
∣∣∣
τ¯
= c.
Then,
c =
ds
dt
∣∣∣
t(τ¯ )
dt
dτ
∣∣∣
τ¯
= − n
t2(τ¯ )
Hence τ¯ is given implicitly by the radius
t(τ¯ ) =
√
−n/c.
We conclude that the sphere Sn(
√−n/c) ⊂ Rn+1 with radius √−n/c is a mean
curvature soliton with respect to the radial vector field X = t∂t according to Definition
3.1. This agrees with the usual notion of self-shrinker established in the literature,
[20].
Example 3.2 In a warped product space M¯ = I×hP , consider the self-similar mean
curvature flow Ψ defined in Example 2.2 above with X = h(t)∂t. Fixed a particular
value τ¯ ∈ (ω∗, ω∗) of the parameter τ we denote
dσ
dτ
∣∣∣
τ¯
= c.
Hence,
c =
ds
dt
∣∣∣
t(τ¯ )
dt
dτ
∣∣∣
τ¯
= −n h
′(t(τ¯ ))
h2(t(τ¯))
and implies that τ¯ is implicitly given by the condition
ch2(t(τ¯)) + nh′(t(τ¯ )) = 0. (3.10)
It follows that the leaf Pt(τ¯) corresponding to t = t(τ¯) is a mean curvature flow soliton
with respect to the vector field X = h(t)∂t according to Definition 3.1. In fact we
note that (3.10) is exactly the scalar soliton equation (3.2) since in this case
H = −nh
′(t)
h(t)
and
〈X,N〉|Pt = h(t)
for a given slice Pt in I ×h P .
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Example 3.3 For the particular case of the hyperbolic space Hn+1 described as the
warped product R×h Rn, where h(t) = et, t ∈ R, let Ψ be the self-similar mean cur-
vature flow in Example 2.3. In this case, the horosphere Pt(τ¯ ) with τ¯ given implicitly
by
t(τ¯ ) = log(−n/c)
is a mean curvature soliton with respect to the vector field X = et∂t according to
Definition 3.1.
Example 3.4 Now, we consider the self-similar mean curvature flow Ψ in Hn+1\{o}
as the warped product (0,∞)×hSn, where h(t) = sinh t, t ∈ (0,∞) defined in Example
2.4. In this case, the geodesic sphere Pt(τ¯ ) with τ¯ given implicitly by
cosh t(τ¯) =
1
2c
(−n±
√
n2 + 4c2).
is a mean curvature soliton with respect to X = sinh t∂t according to Definition 3.1.
Example 3.5 (Solitons in cone manifolds, [23].) Suppose that M¯ is a cone mani-
fold of the form M¯ = (0,∞) ×t P as in Example 2.7 above. Then it follows from
Example 3.2 that the hypersurface P√−n
c
= {√−n/c} × P is a mean curvature flow
soliton. In [23], the authors prove that a suitable sequence of parabolic rescalings
of the mean curvature flow around a type Ic singularity converge to a soliton. This
kind of singularity is an extension of the usual definition of the type I singularity
to cone manifolds. A key tool for the proof is a variant of the classical Huisken’s
monotonicity formula valid in this context.
Example 3.6 (Translating solitons.) In case X is a parallel vector field we consider
the setting in Example 2.8. We can suppose that M¯ is a Riemannian product of the
form M¯ = I × P with X = ∂t. A mean curvature flow soliton, in this case named a
translating soliton, can be described non-parametrically as the graph Γu of a solution
u : P → I of the partial differential equation
divP
(∇Pu
W
)
=
c
W
, (3.11)
for some constant c ∈ R, withW =√1 + |∇Pu|2. Some examples of such translating
solitons in this more general context have been presented and characterized in [35].
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4 Conformal fields and warped product spaces
From now on, we suppose that X is a closed conformal vector field on M¯ . This
means that its metrically equivalent 1-form is closed. As a consequence of (2.7) in
this case we have, besides conformality,
∇¯UX = ϕ¯ U, (4.1)
for any vector field U ∈ Γ(TM¯). In particular,
∇¯|X| = ϕ¯|X|X (4.2)
whenever |X| 6= 0. We suppose that there are no singular points of X in M¯ by
replacing M¯ with a proper open subset of it, if necessary.
It turns out that if Φ : (Ω∗,Ω∗) × M¯ → M¯ is the flow generated by X , then
Φs = Φ(s, ·) : M¯ → M¯ , s ∈ (Ω∗,Ω∗), is a conformal map in the sense that there
exists a smooth positive function λ : (Ω∗,Ω∗)× M¯ → R such that
Φ∗s g¯|x = λ2(s, x) g¯|x (4.3)
for all x ∈ M¯ . It follows from (2.7) that
ϕ¯(Φ(s, x)) = λ(s, x) ∂sλ(s, x), (4.4)
for (s, x) ∈ (Ω∗,Ω∗)×M¯ . For our purposes, it is convenient to parameterize the flow
Φ by fixing initial conditions on the fixed leaf P , that is, we consider Φ as a global
chart of M¯ of the form
Φ : (Ω∗,Ω∗)× P → M¯. (4.5)
Having fixed this map, the hypersurface P , identified with the slice {0} × P ⊂
(Ω∗,Ω∗) × P , is preserved by the flow. In general, the integral leaves are given by
Ps := Ψs(P ) and identified with the slice {s} × P . The principal curvatures of an
integral leaf Ps with respect to −X/|X| are given by ϕ/|X| and its mean curvature
is
H(Φ(s, x)) = −n ϕ|X|
X
|X|
∣∣∣
Φ(s,x)
. (4.6)
We then consider the particular case when the conformal factor depends only on the
flow parameter, that is,
λ = λ(s).
20
In this case, each leaf Ps is homothetic to P . This particular case corresponds to
warped product spaces. More precisely, given the change of variables
t =
∫
h(s) ds,
we can describe M¯ as a product I × P with warped Riemannian metric given by
dt2 + h2(t) g0,
where g0 is the metric in P and
h(t) = |X|(s(t)).
In this case we have
X = h(t)∂t (4.7)
and
∇¯UX = h′(t)U, (4.8)
that is, ϕ = h′ in this case.
Remark 4.1 Examples 2.1-2.8 in Section 2 are particular cases of warped prod-
uct spaces including spaces of constant sectional curvature, cones and Riemannian
products. Other well-known examples are Riemannian Schwzarschild and Reissner-
No¨rdstrom spaces of General Relativity.
For later use, we observe that in the case where P , the integral leaf identified
to {0} × P through the flow Φ, is a Riemannian manifold with constant sectional
curvature κ, the Riemann curvature tensor R¯ of M¯ = I ×h P is
〈R¯(U, V )W,Z〉 =
(
h′2
h2
− κ
h2
)(〈Uˆ , Wˆ 〉〈Vˆ , Zˆ〉 − 〈Vˆ , Wˆ 〉〈Uˆ , Zˆ〉)
+
h′′
h
〈U, ∂t〉〈W, ∂t〉〈Zˆ, Vˆ 〉 − h
′′
h
〈U, ∂t〉〈Z, ∂t〉〈Wˆ , Vˆ 〉
−h
′′
h
〈V, ∂t〉〈W, ∂t〉〈Zˆ, Uˆ〉+ h
′′
h
〈V, ∂t〉〈Z, ∂t〉〈Wˆ , Uˆ〉, (4.9)
where, given a vector field U ∈ Γ(TM¯) one denotes
Uˆ = U − 〈U, ∂t〉∂t.
21
5 Some fundamental elliptic equations
In case of a warped product space target M¯n+1 = I ×h P n we define the function
ηˆ(t) =
∫ t
t0
h(s) ds, (t0, t) ⊂ I, (5.1)
where t0 ∈ I is arbitrarily fixed. Let π : M¯ → I be the projection π(t, p) = t, for
(t, p) ∈ I ×P . Given an isometric immersion ψ :Mm → M¯n+1 we define η :M → R
as the composition
η(x) = ηˆ(π ◦ ψ(x)), x ∈ M. (5.2)
We also define ϕ : M → R by
ϕ(x) = (ϕ¯ ◦ ψ)(x), for x ∈ M. (5.3)
where
ϕ¯ =
1
n+ 1
divM¯X (5.4)
is the function in (2.9) for a closed conformal field X . In particular, for warped
product spaces M¯ = I ×h P with the choice X = h(t)∂t, we have ϕ¯ = h′ ◦ π and
ϕ = h′(π ◦ ψ).
Given a function ζ ∈ C1(M), in what follows we shall indicate by ∆ζ the operator
acting on, say, u ∈ C2(M) as
∆ζu = ∆u− 〈∇ζ,∇u〉,
with ∇ and ∆, respectively, the Riemannian connection and Laplace-Beltrami oper-
ator in M .
Proposition 5.1 Let ψ : Mm → M¯n+1 be a mean curvature flow soliton in M¯ =
I ×h P with respect to the conformal vector field X = h(t)∂t. Then
∆η = mϕ +
1
c
|H|2 = mh′(π ◦ ψ) + 1
c
|H|2 (5.5)
and
∆−cηη = mϕ+ c|X|2 = mh′(π ◦ ψ) + ch2(π ◦ ψ) (5.6)
on M .
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Proof. For the sake of simplicity, from now on we will identify the tangent spaces
TxM and Tψ(x)ψ(M) for any x ∈M . For any U ∈ TM we have
〈∇η, U〉 = h〈∂t, U〉 = 〈X,U〉
and therefore
∇η = X⊤, (5.7)
where, from now on, ⊤ and ⊥ denote, respectively, tangential and normal projections.
Furthermore
〈∇U∇η, V 〉 = 〈∇¯UX, V 〉 − 〈∇¯UX⊥, V 〉 = ϕ 〈U, V 〉+ 〈II(U, V ), X⊥〉.
Taking traces with respect to the induced metric in M we obtain
∆η = mϕ+ 〈H, X⊥〉. (5.8)
Using the soliton equation (2.14) we conclude that
∆η = mϕ+ c|X⊥|2 = mϕ+ 1
c
|H|2, (5.9)
where ϕ = ϕ¯ ◦ ψ. Now from
〈∇η,X〉 = |X⊤|2, (5.10)
one gets
∆−cηη = ∆η + c〈∇η,X〉 = mϕ+ c|X⊥|2 + c|X⊤|2 = mϕ+ c|X|2. (5.11)
Since ϕ = h′(π ◦ψ) and |X|ψ = h(π ◦ψ), this finishes the proof of Proposition 5.1.
Remark 5.1 We note that ηˆ is invertible. Hence if η = ηˆ(π ◦ ψ) is constant then
π ◦ψ is constant and from (5.6) we deduce that mh′(π ◦ψ)+ ch2(π ◦ψ) ≡ 0 on M so
that ψ(M) is contained in a leaf {t¯}×P with t¯ implicitly given by mh′(t¯)+ch2(t¯) = 0.
6 Weak maximum principle for solitons
One of the main analytical tools used in this paper is the weak maximum principle
either for the operator
∆U = ∆− 〈U,∇ · 〉 (6.1)
for some U ∈ Γ(TM), or
∆f = ∆− 〈∇f,∇ · 〉 (6.2)
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for some f ∈ C1(M), where ∆ and∇ are, respectively, the Beltrami-Laplace operator
in M and the Riemannian connection. A general discussion on the weak maximum
principle for a very large class of operators can be found in [2]; however, for the
convenience of the reader and to introduce also some new results, we will present a
few basic concepts and properties restricting ourselves to the above type of operators
acting on C2(M). Of course the regularity of U and f and the space of functions
acted upon by the operator can be respectively relaxed and enlarged.
Definition 6.1 Let M be a (not necessarily complete) Riemannian manifold and let
U ∈ Γ(TM) (respectively, f ∈ C1(M)). We say that the weak maximum principle
holds for the operator ∆U (respectively, ∆f) on M if for any u ∈ C2(M) with u∗ =
supM u <∞ and for each γ < u∗ we have
inf
Ωγ
∆Uu ≤ 0,
(
respectively inf
Ωγ
∆fu ≤ 0),
where
Ωγ = {x ∈M : u(x) > γ}.
From Theorem 3.11 of [42] we know that the validity of the weak maximum prin-
ciple for the operator ∆f is equivalent to its stochastic completeness, a probabilistic
concept. Therefore, as a consequence of a classical result of Khas’minskii, a sufficient
(but in this case also necessary [37]) condition for the validity of the weak maximum
principle in a complete manifold is the existence of a function v ∈ C2(M) satisfying{
∆fv ≤ Av on M\K,
v(x)→ +∞ as x→∞ in M, (6.3)
for some constant A ∈ R and compact set K ⊂M . We note that the first condition
in (6.3) can be substituted, for instance, with ∆fv ≤ A on M\K. By Theorem 3.1
of [2] the same result extends to the operator ∆U for any U ∈ Γ(TM).
We also observe that stochastic completeness does not imply neither is implied
by geodesic completeness. For instance R2\{0} with the flat metric is stochastically
complete with respect to ∆ but obviously not complete. For the converse it is enough
to consider a model manifold with radial Ricci curvature decreasing sufficiently fast.
In this respect, see Proposition 2.3 of [2].
We will often use stochastic completeness a a natural assumption in some of our
results. For a sound discussion on it we refer to Grigor’yan [25], and to [42, Chapter
3] and [2, Chapter 4] for its relation with the weak maximum principle. For the
operator ∆f the validity of the weak maximum principle, always in the complete
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case, can also be detected by the growth of the volume of geodesic balls as expressed
in a very general setting in Theorem 4.1 of [2].
Occasionally, for instance in Theorem 7.12, we shall also use an equivalent form
of the weak maximum principle that, following [3], we call the open weak maximum
principle. The latter can be stated as follows
Definition 6.2 We say that the open weak maximum principle holds for the operator
∆U (respectively, ∆f ) on M if for each F ∈ C0(R), for each open set Ω ⊂ M with
∂Ω 6= ∅ and for each v ∈ C0(Ω¯) ∩ C2(Ω) satisfying{
∆Uv ≥ F (v) (respectively, ∆fv ≥ F (v)) on Ω
supΩ v < +∞,
(6.4)
we have that either
sup
Ω
v = sup
∂Ω
v
or
F (sup
Ω
v) ≤ 0.
For the equivalence of the two forms of the weak maximum principle see for
instance [3].
It is apparent that the open form of the weak maximum principle is reminiscent
of Ahlfors’ parabolicity criterion for Riemann surfaces [1], Theorem 6c. In fact
parabolicity for ∆U (or ∆f ), in the sense of the validity of a Liouville type theorem
for bounded above ∆U -subharmonic functions (or ∆f -subharmonic functions), can
be expressed as a stronger form of the weak maximum principle. Indeed,
Definition 6.3 A Riemannian manifold M is strongly parabolic with respect to ∆U
(respectively, ∆f) if for any non-constant u ∈ C2(M) with u∗ = supM u < ∞ and
for each γ < u∗ we have
inf
Ωγ
∆Uu < 0, (respectively inf
Ωγ
∆fu < 0),
with Ωγ as above.
In the case of our operators ∆U and ∆f , the three forms of parabolicity, that
is, Ahlfors, Liouville and strong parabolicity, are in fact equivalent. See Section 4.4
of [2]. For later use we recall that Ahlfors parabolicity expresses as follows: ∆U
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(respectively, ∆f ) is Ahlfors parabolic on M if for each open set Ω ⊂M with ∂Ω 6= ∅
and for each non-constant v ∈ C0(Ω¯) ∩ C2(Ω) satisfying{
∆Uv ≥ 0 (respectively, ∆fv ≥ 0) on Ω
supΩ v < +∞,
(6.5)
we have
sup
Ω
v = sup
∂Ω
v.
Of course, for parabolicity, Khas’minskii type test still applies appropriately
stated in the following mildly stronger form.
LetM be complete and assume the existence of v ∈ C2(M) such that v(x)→ +∞
as x→∞ in M , and {
∆Uv ≤ 0 if U ≡ 0 and
∆Uv < 0 if U 6≡ 0 on M\K,
(6.6)
for some compact set K ⊂ M . Then the operator ∆U is parabolic on M (and
similarly for ∆f ).
Remark 6.1 Always in case M is complete a sufficient condition can be given for
parabolicity with respect to ∆f in terms of the growth of a weighted volume of the
boundary of geodesic balls. More precisely, having fixed an origin o ∈M let
volf(∂Br) =
∫
∂Br
e−f dM, (6.7)
where ∂Br is the boundary of the geodesic ball Br centered at o and of radius r. If
1
volf(∂Br)
/∈ L1(+∞)
then M is ∆f -parabolic. Other more elaborated results can be found in Chapter 4 of
[2].
Here we give a simple specific sufficient condition for the validity of the weak
maximum principle (or equivalently stochastic completeness) for the operator ∆−cη
on a complete mean curvature flow soliton in M¯ = I ×h P . For ψ : Mm → M¯n+1 =
I ×h P we recall that
η(x) =
∫ π(ψ(x))
t0
h(s) ds (6.8)
with t0 ∈ I.
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Theorem 6.1 Let ψ : Mm → M¯n+1 = I ×h P be a complete mean curvature flow
soliton with respect to X = h(t)∂t. Assume that P has constant sectional curvature
κ. Let II be the second fundamental form of the immersion and suppose that
Λ =
1
m− 1 supM (|II|
2 + ch′(π ◦ ψ)− (m− 1)κ(π ◦ ψ)) < +∞, (6.9)
where
κ(t) = min
{
− h
′′(t)
h(t)
,
κ
h2(t)
− h
′2(t)
h2(t)
}
, t ∈ I. (6.10)
Then the weak maximum principle holds for the operator ∆−cη on M .
Proof. Let {xi}mi=1 be local coordinates in M and let H be the mean curvature
vector field of the immersion ψ. Let {Nα}n+1−mα=1 be a local orthonormal frame in
the normal bundle of the immersion. Taking traces in Gauss equation with respect
to the induced metric g, we deduce that the local components of the intrinsic Ricci
tensor in M are given by
Rij = R¯ij−
∑
α
〈R¯(Nα, ∂i)∂j , Nα〉+〈II(∂i, ∂j),H〉−gkℓ〈II(∂k, ∂j), II(∂i, ∂ℓ)〉, (6.11)
where R¯ij is the ambient Ricci tensor and II is the second fundamental form of ψ.
A lenghty but straightforward calculation using (4.9) yields
Rij = (m− 2)
(
h′2
h2
− h
′′
h
− κ
h2
)
θiθj −
(
h′′
h
|∂⊤t |2 + (m− 1− |∂⊤t |2)
(
h′2
h2
− κ
h2
))
gij
+〈II(∂i, ∂j),H〉 − gkℓ〈II(∂k, ∂j), II(∂i, ∂ℓ)〉, (6.12)
where θi are the local components of the form dt dual to ∂t.
On the other hand the tensorial soliton equation (3.4) for T = X⊤ = h(t)∂⊤t = ∇η
may be written in terms of local components as
〈II(∂i, ∂j),−H〉+ c〈∇∂i∇η, ∂j〉 = c h′(π ◦ ψ)gij ,
where we used the identity
1
2
£Tg =
1
2
£∇ηg = ∇∇η.
Substituting and rearranging some of the terms in (6.12), we obtain
Rij − c∇∂i∇∂jη = −ch′gij − (m− 1)
(
h′2
h2
− κ
h2
)
+ |∂⊤t |2
(
h′2
h2
− h
′′
h
− κ
h2
)
gij
+(m− 2)
(
h′2
h2
− h
′′
h
− κ
h2
)
θiθj − gkℓ〈II(∂k, ∂j), II(∂i, ∂ℓ)〉
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Now
gkℓ〈II(∂k, ∂j), II(∂i, ∂ℓ)〉 ≤ |II|2gij
and a simple algebraic argument yields
Rij − c∇∂i∇∂jη ≥ (−ch′ − |II|2 + (m− 1)κ)gij
where
κ = min
{
− h
′′
h
,
κ
h2
− h
′2
h2
}
· (6.13)
Using (6.9) we conclude that
RicM − c∇∇η ≥ −(m− 1)Λg. (6.14)
By Proposition 8.6 of [2] there exists a geodesic ball BR0 = BR0(o) ⊂M centered at
o ∈ M with sufficiently small radius R0 > 0 and a constant C = C(BR0) > 0 such
that
∆−cηr(x) ≤ C + (m− 1)Λ+r(x) on M\BR0 , (6.15)
where r(x) = distM(x, o). Setting
vol−cη(Br) =
∫
Br
ecη dM
to denote the weighted volume of the geodesic ball Br, using Proposition 8.11 of [2]
we deduce
vol−cη(Br) ≤
∫ r
0
eCτ+(m−1)Λ+
τ2
2 dτ +D
for some constant D > 0 and C as above. Hence, since∫ r
0
eCτ+(m−1)Λ+
τ2
2 dτ +D ∼ e
Cr+(m−1)Λ+ r
2
2
(m− 1)Λ+r + C as r → +∞
we deduce that
lim inf
r→∞
log vol−cη(Br)
r2
< +∞.
Observing that
∆−cη = e−cη div(ecη∇·),
we apply Theorem 4.1 of [2] with the choices T = g, ϕ(x, s) = secη(x), A(x) = ecη(x),
b(x) = 1 to deduce the validity of the weak maximum principle for the operator ∆−cη
on M . 
The following is an immediate consequence of Theorem 6.1.
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Corollary 6.2 Let ψ : M → M¯ = I×hP be a complete mean curvature flow soliton
with respect to X = h(t)∂t contained in a slab [a, b]×P . Suppose that P has constant
sectional curvature κ and that supM |II|2 < ∞. Then the weak maximum principle
holds for the operator ∆−cη on M .
Furthermore, it is not difficult to see that M¯ = I ×h P has constant sectional
curvature κ¯ if and only if P has constant sectional curvature κ and h is a solution of
the following differential equation
−h
′′(t)
h(t)
=
κ
h2(t)
− h
′2(t)
h2(t)
= κ¯.
Therefore, as another consequence of Theorem 4 we have the following
Corollary 6.3 Let ψ : M → M¯ = I×hP be a complete mean curvature flow soliton
with respect to X = h(t)∂t. Suppose that M¯ has constant sectional curvature and
that supM(|II|2 + ch′(π ◦ ψ)) < +∞. Then the weak maximum principle holds for
the operator ∆−cη on M .
The validity of the weak maximum principle in Theorem 6.1 has been detected
via the growth of the volume of geodesic balls. We are now going to give an upper
estimate which is particularly efficient in case of warped product targets that are
space forms.
First we need the following result that shows, together with Remark 3.1, a further
similarity with Ricci solitons.
Proposition 6.4 Let ψ : Mm → M¯n+1 = I ×h P be a mean curvature flow soliton
with respect to X = h(t)∂t. Suppose that for some χ ∈ C1(R), χ ≥ 0 on I, the
function ηˆ defined in (5.1) satisfies the differential equation
ηˆ′ = χ(ηˆ)1/2 on I. (6.16)
Then, there exists a constant C ∈ R such that
|H|2 + c2|∇η|2 − c2χ(η) = C on M, (6.17)
where η(x) = ηˆ((π ◦ ψ)(x)), x ∈M .
Proof. Since M¯ is a warped product I×hP and X = h(t)∂t equations (3.4) and (3.9)
can be respectively written in the form
II−H + c∇∇η = c ηˆ′′(π ◦ ψ)g (6.18)
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and
1
2
∇|H|2 = c II−H(∇η, ·)♯. (6.19)
Having fixed a vector field U on M we then have
c2 ηˆ′′(π ◦ ψ)〈∇η, U〉 = c II−H(∇η, U) + c2 〈∇U∇η,∇η〉 = 1
2
〈∇|H|2 + c2∇|∇η|2, U〉.
On the other hand, using (6.16) we have
〈∇χ(η), U〉 = χ′(η)〈∇η, U〉 = 2ηˆ′′〈∇η, U〉.
Hence,
∇|H|2 + c2∇|∇η|2 − c2∇χ(η) ≡ 0 on M.
This finishes the proof of the proposition. 
For instance let M¯n+1 = R ×et Rn = Hn+1. Then with the choice χ(τ) = τ 2
equation (6.16) is satisfied. Similarly if we have M¯ = R+×sinh t Sn = Hn+1 the choice
χ(τ) = τ 2 − 1 works. For M¯n+1 = R×t Sn = Rn+1 we choose χ(τ) = 2τ and finally
for M¯n+1 = (0, π) ×sin t Sn = Sn+1 we choose χ(τ) = 2τ − τ 2. Observe that in this
case ηˆ(t) = 1− cos t.
We observe that equation (6.16) only involves the warping function h of M¯ =
I ×h P and therefore the previous examples work whatever factor P we choose. For
instance we can consider M¯ = R×et P with the choice χ(τ) = τ 2. In this case M¯ is
not necessarily of constant sectional curvature.
Remark 6.2 It is worth to note that we can add to χ any constant so that in (6.17)
we can always assume to have normalized our choice in such a way that
|H|2 + c2|∇η|2 − c2χ(η) = 0 on M. (6.20)
Proposition 6.5 Let ψ :Mm → M¯n+1 = I×hP be a complete mean curvature flow
soliton with respect to X = h(t)∂t. Assume the validity of (6.16) in Proposition 6.4.
Then, there exists a constant C ≥ 0 such that
|∇η(x)| ≤
∫ r(x)
0
|h′(π ◦ ψ ◦ γ(τ))| dτ + C, (6.21)
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where r(x) = distM(o, x) and γ : [0, r(x)]→ M is any minimizing unit speed geodesic
connecting a fixed point o ∈M to x ∈M . In particular, if h′ is bounded
|∇η(x)| ≤ B r(x) + C (6.22)
for some constants B,C ≥ 0.
Proof. As observed above we can assume the validity of (6.20). From here we deduce
|∇η|2 ≤ χ(η) on M. (6.23)
Having fixed the origin o ∈M , we let γ be a unit speed minimizing geodesic from o
to x ∈M parametrized on [0, r(x)], where r(x) = distM(o, x). Define
k(τ) = η(γ(τ)), τ ∈ [0, r(x)].
Denoting derivatives with respect to τ by · we have
k˙(τ) = 〈∇η(γ(τ)), γ˙(τ)〉 = h((π ◦ ψ)(γ(τ)))〈∂t, γ˙(τ)〉
which yields
|k˙(τ)| ≤ |∇η(γ(τ))| ≤
√
χ(η(γ(τ))), (6.24)
so that
|k˙(τ)| ≤
√
χ(k(τ)).
Hence,
d
dτ
√
χ(k(τ)) ≤
∣∣∣∣∣ χ′(k(τ))2√χ(k(τ)) k˙(τ)
∣∣∣∣∣ ≤ 12 |χ′(k(τ))|. (6.25)
From (6.16) since h > 0 we have
χ′(k(τ)) = 2ηˆ′′(π ◦ ψ ◦ γ(τ)) = 2h′(π ◦ ψ ◦ γ(τ)). (6.26)
Integrating (6.25) on [0, r(x)] and using (6.26) together with (6.24) we obtain
|∇η(x)| ≤
∫ r(x)
0
|h′(π ◦ ψ ◦ γ(τ))| dτ + C
with C =
√
χ(η(o)) ≥ 0. We have thus proved (6.21). 
We now give a lower bound on |∇η| at least in case M¯ = I ×h P with P of
constant sectional curvature.
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Proposition 6.6 Let ψ :Mm → M¯n+1 = I×hP be a complete mean curvature flow
soliton with respect to X = h(t)∂t and c < 0. Assume that P has constant sectional
curvature κ. Furthermore suppose that
RicM ≤ Λg (6.27)
for some constant Λ and
sup
M
(|II|2 − (m− 1)κ) < +∞, (6.28)
where κ is defined in (6.10). Then
|∇η(x)| ≥ 1
c
sup
M
(|II|2 − (m− 1)κ) r(x) +
∫ r(x)
0
h′(π ◦ ψ ◦ γ(τ)) dτ + A (6.29)
for some constant A.
Proof. Again let o ∈ M be a fixed origin and γ : [0, r(x)] → M a unit speed
minimizing geodesic with γ(0) = o and γ(r(x)) = x, where r(x) = distM(o, x). As
above, for τ ∈ [0, r(x)], we define
k(τ) = η(γ(τ)).
Denoting by · derivatives with respect to τ , we recall that
k˙(τ) = 〈∇η(γ(τ)), γ˙(τ)〉.
Since γ is geodesic and using (6.18) we obtain
k¨(τ) = 〈∇γ˙(τ)∇η, γ˙(τ)〉 = h′(π ◦ ψ ◦ γ(τ)) + 1
c
IIH(γ˙(τ), γ˙(τ)). (6.30)
From Gauss equation (6.12) we have
RicM(γ˙, γ˙) ≥ (m− 1)κ + IIH(γ˙, γ˙)− |II|2. (6.31)
On the other hand, under the assumption (6.27), by the second variation formula for
arclenght, see equation (8.163) in [2], we obtain∫ r(x)
0
RicM(γ˙, γ˙) ≤ 2(m− 1) + 2Λ. (6.32)
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Next, we integrate (6.30) on [0, r(x)] and we use (6.31) and (6.32) to deduce
k˙(r(x))− k˙(0) =
∫ r(x)
0
(
h′(π ◦ ψ ◦ γ(τ)) + 1
c
IIH(γ˙(τ), γ˙(τ))
)
dτ
≥
∫ r(x)
0
(
h′(π ◦ ψ ◦ γ)− 1
c
(m− 1)κ(π ◦ ψ ◦ γ(τ)) + 1
c
|II|2 + 1
c
RicM(γ˙, γ˙)
)
≥ 1
c
sup
M
(|II|2 − (m− 1)κ) r(x) + 1
c
(2(m− 1) + 2Λ) +
∫ r(x)
0
(
h′(π ◦ ψ ◦ γ(τ)) dτ.
From (6.24) we then obtain
|∇η(x)| ≥ 1
c
sup
M
(|II|2−(m−1)κ) r(x)+1
c
(2(m−1)+2Λ)+
∫ r(x)
0
h′(π◦ψ◦γ(τ)) dτ+k˙(0),
that is, (6.29). 
Proposition 6.7 In the assumptions of Proposition 6.6 let (6.16) be satisfied. Fur-
thermore, assume
lim
x→∞
η(x) = +∞ (6.33)
and
sup
M
(|II|2 − (m− 1)κ) < −c inf
M
h′(π ◦ ψ) ≤ −c sup
M
h′(π ◦ ψ) < +∞. (6.34)
Then, there exist constants µ, C > 0 such that
volcη(BR(o)) ≤ CRµ for R≫ 1. (6.35)
Proof. The argument is by now standard (see [9]); we report it here for the sake of
completeness. Define
̺(x) = 2
√
−cη(x) (6.36)
so that
∇̺ = √−c ∇η√
η
and
∇̺
|∇̺| =
∇η
|∇η| · (6.37)
For R≫ 1 we set
DR = {x ∈M : ̺(x) < R}.
Completeness of M and assumption (6.33) imply that DR is relatively compact in
M . We can therefore define
V (R) = volcη(DR) =
∫
DR
ecη dM.
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By the co-area formula we deduce
V (R) =
∫ R
0
∫
∂DR
ecη
|∇̺|
and
V ′(R) =
∫
∂DR
ecη
|∇̺| =
R
2(−c)
∫
∂DR
ecη
|∇η| ·
Next, by equation (5.5) and the condition c < 0 we have
∆η = mh′(π ◦ ψ) + 1
c
|H|2 ≤ mh′(π ◦ ψ)
so that
div(ecη∇η) = ecη(∆η + c|∇η|2) ≤ ecη(mh′(π ◦ ψ) + ch2(π ◦ ψ)).
Integrating on DR we obtain∫
DR
(mh′(π ◦ ψ) + ch2(π ◦ ψ)) ecη dM ≥
∫
DR
div(ecη∇η) dM =
∫
∂DR
〈∇η, ν〉ecη,
where ν is the outward unit normal to ∂DR. From (6.37)
ν =
∇̺
|∇̺| =
∇η
|∇η| ,
and having set
C0 = sup
M
(mh′(π ◦ ψ) + ch2(π ◦ ψ))
from the above we obtain
C0 V (R) ≥
∫
∂DR
|∇η|ecη, R≫ 1. (6.38)
Next, we observe that from the first inequality in (6.34) and (6.29), we have
|∇η(x)|2 ≥ C1 r(x)2
while from (6.22) integrating
η(x) ≤ C2 r(x)2 (6.39)
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for some constants C1, C2 > 0 and r(x) ≫ 1. It follows that, for the constant
C3 = C1/C2 > 0
|∇η|2 ≥ C3 η on DR (6.40)
for R≫ 1 because of (6.33). On the other hand, using (6.40) we have∫
∂DR
|∇η|ecη = R
2(−c)
∫
∂DR
2(−c)
R
|∇η|2 e
cη
|∇η| ≥ C3
R
2(−c)
∫
∂DR
2(−c)
R
η
ecη
|∇η|
= C3
R2
4(−c)
∫
∂DR
ecη
|∇η| = C3
R
2
V ′(R)
and therefore, from (6.38) we arrive at the differential inequality
2
C0
C3
V (R) ≥ RV ′(R) for R≫ 1.
As a consequence, for some constant C > 0,
V (R) ≤ CR2C0/C3 for R≫ 1. (6.41)
On the other hand, from (6.39) we have
BR(o) ⊂ D2√C2R for R≫ 1.
and (6.35) follows at once. 
7 First applications of the weak maximum princi-
ple
Let M¯n+1 = I×hP be a warped product space as in Example 2.2. Let φ :Mm → P n
be an immersion of a m-dimensional connected manifold Mm, with m < n, into the
Riemannian manifold (P n, g0). Let us denote by gM the Riemannian metric induced
on M via φ, that is, gM = φ
∗(g0).
For a fixed t¯ ∈ I, let φt¯ :Mm → M¯n+1 = I ×h P be the map given by
φt¯(x) = ιt¯(φ(x)), for every x ∈M,
where ι : P → I × P is defined by ιt¯(y) = (t¯, y) for y ∈ P . It is not difficult to see
that φt¯ is an immersion of M into M¯ with codimension n − m + 1 ≥ 2, which is
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contained in the leaf Pt¯ = {t¯} × P , and that the metric induced on M via φt¯ from
the warped metric
g¯ = dt2 + h2(t)g0(x)
is simply
gt¯ = h
2(t¯)gM . (7.1)
Conversely, given an immersion ψ : Mm → M¯n+1 = I ×h P with codimension
n − m + 1 ≥ 2 such that the submanifold ψ(M) is contained in a leaf Pt¯, the
projection φ = πP ◦ ψ : Mm → P n is an immersed submanifold such that ψ(x) =
ιt¯(φ(x)) = φt¯(x).
It follows from (7.1) that, intrinsically, (M, gt¯) is homothetic to (M, gM) with
scale factor h(t¯). Our objective now is to express the extrinsic geometry of the
submanifold φt¯(M) ⊂ M¯ = I ×h P in terms of the extrinsic geometry of φ(M) ⊂ P .
In order to compute the second fundamental form IIt¯ of the submanifold φt¯(M),
let {ξα}n−mα=1 be a (locally defined) orthonormal frame for the normal bundle of φ. It
follows that the vector fields
Nα(φt¯(x)) =
1
h(t¯)
ιt¯∗ξα(φ(x)), 1 ≤ α ≤ n−m (7.2)
and
Nn−m+1(φt¯(x)) = ∂t|φt¯(x)
defines a local orthonormal frame in the normal bundle of φt¯. The Weingarten map
Aα of φt¯ in the direction of Nα is given by
AαU =
1
h(t¯)
APαU, U ∈ Γ(TM). (7.3)
where APα stands for the Weingarten operator of φ : M
m → P n with respect to the
normal direction ξα. On the other hand, it follows from (4.8) that
An−m+1U = −∇¯U∂t = −h
′(t)
h(t)
(U + 〈U, ∂t〉∂t) = −h
′(t)
h(t)
U (7.4)
for every vector field U ∈ Γ(TM). From (7.3) and (7.4), the second fundamental IIt¯
of the submanifold φt¯ can be written, for tangent vector fields U, V ∈ Γ(TM), as
IIt¯(U, V ) =
n−m+1∑
α=1
〈AαU, V 〉Nα = 1
h(t¯)
n−m∑
α=1
〈APαU, V 〉Nα −
h′(t¯)
h(t¯)
〈U, V 〉∂t. (7.5)
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Observe that, from (7.1) and (7.2), one has
〈APαU, V 〉Nα = h(t¯)g0(APαU, V )ξα
for every 1 ≤ α ≤ n−m, so that (7.5) becomes
IIt¯(U, V ) =
n−m∑
α=1
g0(A
P
αU, V )ξα −
h′(t¯)
h(t¯)
〈U, V 〉∂t = IIφ(U, V )− h
′(t¯)
h(t¯)
〈U, V 〉∂t, (7.6)
where IIφ stands for the second fundamental form of the immersion φ : M
m → P n.
Taking traces in both sides with respect to the metric gt¯ we deduce that the (non-
normalized) mean curvature vector field Ht¯ of φt¯ is
Ht¯ =
1
h2(t¯)
Hφ −mh
′(t¯)
h(t¯)
∂t. (7.7)
where Hφ = trgM IIφ is the (non-normalized) mean curvature vector field of φ(M) ⊂
P .
On the other hand, since ∂t is normal to φt¯(M), we also have
X = X⊥ = h(t¯)∂t (7.8)
along φt¯. It then follows from (7.7) and (7.8) that φt¯ : M
m → M¯n+1 = I ×h P is a
mean curvature flow soliton with respect to X = h(t)∂t if and only if φ : M
m → P n
is a minimal submanifold (that is, Hφ ≡ 0) and t¯ ∈ R is given implicity by
mh′(t¯) + ch2(t¯) = 0 (7.9)
or, equivalently, by
nh′(t¯) +
nc
m
h2(t¯) = 0 (7.10)
Recall from Example 3.2 that (7.10) geometrically means that the leaf Pt¯ is a codi-
mension one mean curvature flow soliton of M¯ with respect to X with cˆ = nc/m.
We can summarize all the above in the following:
Proposition 7.1 Let ψ : Mm → M¯n+1 = I ×h P be a submanifold with m < n and
assume that ψ(M) is contained in a leaf Pt¯ = {t¯} × P . Then the submanifold ψ(M)
is a mean curvature flow soliton with respect to the vector field X = h(t)∂t if and
only if the projection φ = πP ◦ ψ : Mm → P n is a minimal submanifold and t¯ ∈ I is
implictly given by
mh′(t¯) + ch2(t¯) = 0, (7.11)
which means that the leaf Pt¯ is a mean curvature flow soliton of M¯ with respect to
X with cˆ = nc/m.
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Since the function
ζ(t) = mh′(t) + ch2(t), t ∈ I, (7.12)
will repeatedly appear in the sequel we reserve for it the name of soliton function.
The terminology is justified by what follows.
Now we are ready to give the first main result in this section, which is a direct
consequence of Proposition 5.1 and Definition 6.3.
Theorem 7.2 Let ψ : Mm → M¯n+1 = I×h P be a mean curvature flow soliton with
respect to the vector field X = h(t)∂t. Consider the soliton function
ζ(t) = mh′(t) + ch2(t), t ∈ I,
and let ζ(π ◦ ψ) : M → R be non-negative (resp., non-positive) on M . Assume that
π ◦ ψ (equivalently, η = ηˆ(π ◦ ψ)) is bounded above (resp. bounded below) on M . If
M is parabolic with respect to the operator ∆−cη then ψ(M) is contained in the leaf
Pt¯ = {t¯} × P given implicitly by
mh′(t¯) + ch2(t¯) = 0. (7.13)
For the proof of Theorem 7.2 simply observe that equation (5.6) can be written as
∆−cηη = ζ(π ◦ ψ). Then, the ∆−cη-parabolicity of M implies that η is constant, so
that π ◦ ψ is constant and ψ(M) is contained in a leaf Pt¯. Condition (7.13) follows
from the fact that ∆−cηη = ζ(t¯) = 0 (see also Proposition 7.1).
Motivated by the above considerations, we introduce the following terminology.
Definition 7.1 Suppose that there exists t¯ ∈ I such that
ζ(t¯) = mh′(t¯) + ch2(t¯) = 0. (7.14)
We say that the immersion ψ : Mm → M¯n+1 = I ×h P is on one side of the leaf Pt¯
if the function
ζ(π ◦ ψ) = mh′(π ◦ ψ) + ch2(π ◦ ψ)
has constant sign on M .
As a consequence of Theorem 7.2 we have the next
Corollary 7.3 Let ψ : Mm → M¯n+1 = I ×h P be a complete mean curvature flow
soliton with respect to X = h(t)∂t and such that
1
vol(∂Br)
/∈ L1(+∞), (7.15)
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where ∂Br is the boundary of the geodesic ball Br of radius r centered at a fixed origin
o ∈M . Assume
ψ(M) ⊂ [a, b]× P, (7.16)
for some interval [a, b] ⊂ I and that ψ(M) is on one side of Pt¯. Then ψ(M) ⊂ Pt¯.
Proof. First of all observe that (7.16) together with completeness and (7.15) imply
that M is ∆−cη-parabolic. Actually, since η = ηˆ(π ◦ ψ) is bounded on M , we have
supM e
cη = C < +∞, regardless the sign of c, and
vol−cη(∂Br) =
∫
∂Br
ecη dM ≤ Cvol(∂Br).
Hence
1
vol−cη(∂Br)
/∈ L1(+∞)
and therefore M is ∆−cη-parabolic (see Remark 6.1). Now the result follows directly
from Theorem 7.2. 
Remark 7.1 In case M is compact the conclusion of Corollary 7.3 holds obviously
without requiring assumptions (7.15) and (7.16).
As another consequence of Proposition 5.1 we have the next mean curvature
estimates that will give rise both to rigidity results and height estimates.
Theorem 7.4 Let ψ : Mm → M¯n+1 = I ×h P be a stochastically complete mean
curvature flow soliton with respect to X = h(t)∂t on M¯ .
i) Assume
t∗ = inf
M
(π ◦ ψ) > −∞, t∗ ∈ I. (7.17)
Then the mean curvature vector field of M satisfies
inf
M
|H|2 ≤ −mch′(t∗) if c < 0 (7.18)
and
sup
M
|H|2 ≥ −mch′(t∗) if c > 0. (7.19)
ii) Assume
t∗ = sup
M
(π ◦ ψ) < +∞, t∗ ∈ I. (7.20)
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Then the mean curvature vector field of M satisfies
sup
M
|H|2 ≥ −mch′(t∗) if c < 0 (7.21)
and
inf
M
|H|2 ≤ −mch′(t∗) if c > 0. (7.22)
Proof. Since ηˆ′ = h > 0, the function η = ηˆ(π◦ψ) can be thought as a reparametriza-
tion of π ◦ ψ. Therefore, under assumption (7.17) it holds that
η∗ = inf
M
η = ηˆ(t∗) > −∞,
and, by the stochastic completeness ofM , we may apply the weak maximum principle
for ∆ to the function η. Hence, there exists a sequence of points {xk}k∈N in M such
that
η(xk) < η∗ +
1
k
and ∆η(xk) > −1
k
.
Let tk = (π◦ψ)(xk) and observe that limk→+∞ tk = t∗ because ηˆ is strictly increasing.
Using (5.5) we have
∆η(xk) = mh
′(tk) +
1
c
|H|2(xk) > −1
k
,
and thus
−1
k
−mh′(tk) < 1
c
|H|2(xk) ≤ sup
M
(
1
c
|H|2
)
.
Letting k → +∞ we get
−mh′(t∗) ≤ sup
M
(
1
c
|H|2
)
=

1
c
infM |H|2 if c < 0,
1
c
supM |H|2 if c > 0.
In other words,
inf
M
|H|2 ≤ −mch′(t∗) if c < 0
and
sup
M
|H|2 ≥ −mch′(t∗) if c > 0.
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Similarly, under assumption (7.20) and working now at t∗ we get
−mh′(t∗) ≥ inf
M
(
1
c
|H|2
)
=

1
c
supM |H|2 if c < 0,
1
c
infM |H|2 if c > 0,
which yields
sup
M
|H|2 ≥ −mch′(t∗) if c < 0
and
inf
M
|H|2 ≤ −mch′(t∗) if c > 0.

We now analyze some rigidity consequences of Theorem 7.4. For the compact
case we get the following corollary that will be used in Corollary 7.6.
Corollary 7.5 Let ψ : Mm → M¯n+1 = I ×h P be a compact mean curvature flow
soliton with respect to X = h(t)∂t on M¯ . If c < 0, the mean curvature vector field
of M satisfies
min
M
|H|2 ≤ −mch′(t∗) and max
M
|H|2 ≥ −mch′(t∗), (7.23)
where t∗ = minM(π◦ψ) and t∗ = maxM(π◦ψ). Similarly, if c > 0 the mean curvature
vector field of M satisfies
min
M
|H|2 ≤ −mch′(t∗) and max
M
|H|2 ≥ −mch′(t∗). (7.24)
In particular, if
h′′(t) ≥ 0 for t ∈ I, t∗ ≤ t ≤ t∗,
then
i) If c < 0 then minM |H|2 ≤ −mch′(t∗) ≤ −mch′(t∗) ≤ maxM |H|2.
ii) If c > 0 then minM |H|2 ≤ −mch′(t∗) ≤ −mch′(t∗) ≤ maxM |H|2.
Obviously, the final statement of Corollary 7.5 follows directly from the fact that
h′(t∗) ≤ h′(t∗) under the additional assumption h′′ ≥ 0. As a consequence of the
above result we get
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Corollary 7.6 Let ψ : Mm → M¯n+1 = I ×h P be a compact mean curvature flow
soliton with respect to X = h(t)∂t on M¯ and assume that
h′′(t) ≥ 0 for t ∈ I, t∗ ≤ t ≤ t∗
with t∗ and t∗ as in Corollary 7.5. If |H| is constant then ψ(M) ⊂ Pt¯ = {t¯} × P ,
where t¯ ∈ I is given implicitly by
mh′(t¯) + ch2(t¯) = 0. (7.25)
Moreover, if m = n then P is necessarily compact and ψ(M) = Pt¯. If m < n then
ψ(M) = {t¯} ×M0 with M0 ⊂ P a compact minimal submanifold of P .
Proof. Since h′′ ≥ 0 on [t∗, t∗] and |H| is constant, we know from i) and ii) in
Corollary 7.5 that
h′(t∗) = h′(t∗) =
−1
mc
|H|2 = constant.
Since h′(t) is non-decreasing on [t∗, t∗], from here it follows that
h′(t) =
−1
mc
|H|2 = constant on [t∗, t∗]
and therefore
mh′(π ◦ ψ) + 1
c
|H|2 = 0 on M.
In other words
∆η = mh′(π ◦ ψ) + 1
c
|H|2 = 0
on the compact manifoldM , which implies that η and, equivalently, π◦ψ, is constant
on M ; that is ψ(M) is contained in a leaf Pt¯. The rest of the proof follows directly
from Proposition 7.1. 
The next result extends Corollary 7.6 to the case of stochastically complete mean
curvature flow solitons, with the help of Theorem 7.4
Corollary 7.7 Let ψ : Mm → M¯n+1 = I ×h P be a stochastically complete mean
curvature flow soliton with respect to X = h(t)∂t on M¯ . Assume that
ψ(M) ⊂ [a, b]× P
for some interval [a, b] ⊂ I on which
h′′(t) ≥ 0.
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If |H| is constant and h′(t) is not locally constant on [a, b] (in other words, the equality
h′′ = 0 holds only at isolated points) then ψ(M) ⊂ Pt¯ = {t¯}×P , where t¯ ∈ I is given
implicitly by
mh′(t¯) + ch2(t¯) = 0. (7.26)
Moreover, if m = n then P is necessarily stochastically complete and ψ(M) = Pt¯.
If m < n then ψ(M) = {t¯} ×M0 with M0 ⊂ P a stochastically complete minimal
submanifold of P .
Proof. Let t∗ = infM(π ◦ ψ) ≥ a > −∞ and t∗ = supM(π ◦ ψ) ≤ b < +∞. Since
h′′ ≥ 0 on [t∗, t∗], we have h′(t∗) ≤ h′(t∗) and, since |H| is constant, we obtain from
Theorem 7.4 similarly to the compact case
h′(t∗) = h′(t∗) =
−1
mc
|H|2 = constant.
The hypothesis on h′(t) implies now that h′(t) is strictly increasing on [t∗, t∗]. There-
fore, t∗ = t∗ and π ◦ ψ is constant on M ; that is ψ(M) is contained in a leaf Pt¯. The
rest of the proof follows again directly from Proposition 7.1. 
The general result given in Theorem 7.4 provides some particular height estimates
in case of space forms described as warped product spaces that we now illustrate.
Corollary 7.8 Let ψ : Mm → (0,∞)×t Sn = Rn+1\{o} be a stochastically complete
mean curvature flow soliton with respect to X = t∂t on R
n+1\{o} and c < 0. Let
t∗ = sup
M
(π ◦ ψ).
Then
t∗ ≥
√
−m/c. (7.27)
Proof. If t∗ = +∞ there is nothing to prove. Otherwise, from (3.1)
|H|2 ≤ c2|X ◦ ψ|2 ≤ c2(π ◦ ψ)2 ≤ c2(t∗)2 on M.
Therefore, since h(t) = t from (7.21) we obtain
−mc ≤ sup
M
|H|2 ≤ c2(t∗)2,
so that (t∗)2 ≥ m/− c or, equivalently, (7.27). 
Probably Corollary 7.8 can be better stated in the more geometrical form
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Corollary 7.9 Let ψ : Mm → (0,∞)×t Sn = Rn+1\{o} be a stochastically complete
mean curvature flow soliton with respect to X = t∂t on R
n+1\{o} and c < 0. If
ψ(M) ⊂ (0, b)× Sn then b ≥√−m/c.
The next corollary addresses the case of hyperbolic space foliated by horospheres.
Corollary 7.10 Let ψ : Mm → R×et Rn = Hn+1 be a stochastically complete mean
curvature flow soliton with respect to X = et∂t on H
n+1 and c < 0. Let
t∗ = sup
M
(π ◦ ψ).
Then
t∗ ≥ log(−m/c). (7.28)
Assuming t∗ < +∞, otherwise there is nothing to show, the proof is similar to that
of Corollary 7.8, observing that, again by the soliton equation, we deduce now that
|H|2 = c2|(X ◦ ψ)⊥|2 ≤ c2|X ◦ ψ|2 = c2e2π(ψ(x)) ≤ c2e2t∗
on M . Since in this case h(t) = et, from (7.21) we obtain
−mcet∗ ≤ sup
M
|H|2 ≤ c2e2t∗ ,
which yields et
∗ ≥ −m/c or, equivalently, (7.28).
Let us now consider a different realization of Hn+1 as (0,∞)×sinh tSn = Hn+1\{o}.
We have
Corollary 7.11 Let ψ : Mm → (0,∞) ×sinh t Sn = Hn+1\{o} be a stochastically
complete mean curvature flow soliton with respect to X = sinh t∂t on H
n+1 and
c < 0. Let
t∗ = sup
M
(π ◦ ψ).
Then
t∗ ≥ arg cosh
(
−m+
√
m2 + 4c2
2c
)
. (7.29)
Again the proof is similar to the previous ones. In this case, when t∗ < +∞ from
(3.1) we have
|H|2 = c2|(X ◦ψ)⊥|2 ≤ c2|X ◦ψ|2 = c2 sinh2(π(ψ(x))) ≤ c2 sinh2 t∗ = c2 cosh2 t∗− c2
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on M . On the other hand, using (7.21) we get
−mc cosh t∗ ≤ sup
M
|H|2 ≤ c2 cosh2 t∗ − c2,
which yields
cosh2 t∗ +
m
c
cosh t∗ − 1 ≥ 0.
This implies
cosh t∗ ≥ −m+
√
m2 + 4c2
2c
or, equivalently, (7.29).
Another result in this direction is obtained, needless to say, by a further applica-
tion of the weak maximum principle. However we need to restrict ourselves to the
codimension one case.
Theorem 7.12 Let ψ : Mm → M¯m+1 = I ×h P be an orientable, codimension one,
mean curvature flow soliton with respect to X = h(t)∂t. Fix an orientation N of
ψ(M) such that H = 〈H, N〉 ≥ 0. Suppose that
t∗ = sup
M
(π ◦ ψ) < +∞ (7.30)
and let
H(t) = m
h′(t)
h(t)
·
Assume that, for some t¯ ∈ I,
sup
M
H < H(t¯) (7.31)
and
H
′(t) ≥ 0 for t ≥ t¯. (7.32)
If M is stochastically complete then
t∗ ≤ t¯. (7.33)
Proof. We reason by contradiction and we suppose that t∗ > t¯. We observe that
π ◦ ψ cannot be constant on M ; otherwise π(ψ(x)) = t∗ > t¯ and
ψ(M) ⊆ {t∗} × P.
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If this is the case, because of (7.32) and our choice of t∗ the scalar mean curvature
of the immersion would satisfy
H = H(t∗) ≥ H(t¯) > 0,
contradicting (7.31). Since π ◦ψ is non-constant on M we can choose a regular value
γ of π ◦ ψ with
t¯ < γ < t∗
and the property that ∂Ωγ 6= ∅ where
Ωγ = {x ∈M : (π ◦ ψ)(x) > γ}.
Next we define on M the angle function
Θ = 〈∂t, N〉 = 1
h(π ◦ ψ)〈X,N〉.
This enables us to transform equation (5.5) of Proposition 5.1 as follows
∆η = mh′(π ◦ ψ) + 1
c
|H|2 = h(π ◦ ψ)
(
H(π ◦ ψ) + 1
ch(π ◦ ψ)〈H, N〉
2
)
= h(π ◦ ψ)(H(π ◦ ψ) + 〈N, ∂t〉〈H, N〉)
= h(π ◦ ψ)(H(π ◦ ψ) + ΘH).
Because of the assumptions on H and H′ we infer
H(t) ≥ H(t¯) > sup
M
H ≥ 0 for t ≥ t¯.
In particular h is increasing for t ≥ t¯ and
h(π ◦ ψ) > h(γ) on Ωγ .
Furthermore, since H is non-decreasing for t ≥ t¯ we also have
H(π ◦ ψ) ≥ H(γ) ≥ H(t¯) > sup
M
H ≥ H on Ωγ .
From H = 〈H, N〉 ≥ 0 and Θ ≥ −1 we deduce ΘH ≥ −H and
H(π ◦ ψ) + ΘH ≥ H(π ◦ ψ)−H ≥ H(γ)− sup
M
H > 0
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on Ωγ , so that
∆η ≥ h(γ)(H(γ)− sup
M
H) > 0
on Ωγ . Since η = ηˆ(π ◦ ψ) and ηˆ is increasing
Ληˆ(γ) = {x ∈M : η(x) > ηˆ(γ)} = Ωγ
and
∂Ληˆ(γ) = ∂Ωγ .
We set Ω = Ληˆ(γ) and
v = η|Ω¯
to deduce, from the above,{
∆v ≥ h(γ)(H(γ)− supM H) > 0 on Ω,
supΩ v = ηˆ(t
∗) < +∞. (7.34)
Stochastic completeness of M enables us to apply the open form of the weak maxi-
mum principle to infer
ηˆ(t∗) = sup
Ω
v = sup
∂Ω
v = ηˆ(γ).
Since η(t∗) > ηˆ(γ) we obtain the desired contradiction completing the proof of The-
orem 7.12. 
Remark 7.2 Since every parabolic manifold is stochastically complete, Theorem
7.12 remains valid for parabolic manifolds.
Let us consider the following special case of the theorem to illustrate the result.
Corollary 7.13 Let ψ : M → Hm+1 = R×et Rm be an orientable, codimension one,
mean curvature flow soliton with respect to X = et∂t. Fix an orientation N of ψ(M)
such that H = 〈H, N〉 ≥ 0 and assume that
sup
M
H < m. (7.35)
If M is stochastically complete, then t∗ = supM(π ◦ ψ) = +∞.
Clearly this result can be interpreted as a ”half-space” theorem similar to that of
Hoffman and Meeks [26] for minimal surfaces in R3.
Next results are obtained with a different technique. We begin with
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Theorem 7.14 Let ψ : Mm → M¯n+1 = I ×h P be a complete mean curvature flow
soliton with respect to X = h(t)∂t with c < 0 and such that vol(M) = +∞. Assume
that, having fixed some origin o ∈M ,
lim sup
r→+∞
log volBr
r
= α ∈ R+, (7.36)
where Br ⊂M is the geodesic ball of radius r centered at o. For [a, b] ⊂ I let
ζ∗ = inf
[a,b]
ζ,
where ζ(t) = mh′(t) + ch2(t) is the soliton function. Furthermore suppose that, for
some compact K ⊂M
ψ(M\K) ⊆ [a, b]× P (7.37)
and let ηˆ be the function defined in (5.1). Then
ζ∗ ≤ α
2
4
(
ηˆ(b)− ηˆ(a)). (7.38)
Proof. Since ηˆ is increasing
Λ = ηˆ(b)− ηˆ(a) =
∫ b
a
h(s) ds ≥ 0,
hence (7.38) is certainly satisfied if ζ∗ ≤ 0. Thus without loss of generality we can
suppose ζ∗ > 0 so that ζ(t) > 0 for t ∈ [a, b]. Furthermore, we can also assume that
ηˆ is defined by
ηˆ(t) =
∫ t
a
h(s) ds.
Recall from the soliton equation (3.1) and from (5.7) that, along the immersion ψ,
X = h(t)∂t = X
⊤ +X⊥ = ∇η + 1
c
H
with η = ηˆ(π ◦ ψ), so that
1
c
|H|2 = ch2(π ◦ ψ)− c|∇η|2.
Since c < 0, from equation (5.5) we then know that η satisfies
∆η = mh′(π ◦ ψ) + 1
c
|H|2 ≥ mh′(π ◦ ψ) + ch2(π ◦ ψ)
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on M . Fix R > 0 sufficiently large such that for some fixed origin o ∈ M , we have
K ⊂ BR and let ε > 0. Then from (7.37) we deduce
η(x) = ηˆ((π ◦ ψ)(x)) ≤
∫ b
a
h(s) ds < Λ + ε
on M\BR. We define
v = Λ + ε− η > 0
on M\BR. By a simple generalization of Barta’s theorem, [5], we deduce
λ∆1 (M\BR) ≥ inf
M\BR
(
−∆v
v
)
= inf
M\BR
∆η
v
≥ inf
M\BR
1
v
(
mh′(π◦ψ)+ch2(π◦ψ)) ≥ ζ∗
Λ + ε
,
where λ∆1 (M\BR) is the first eigenvalue of the Laplace-Beltrami operator ∆ on
M\BR. Letting εց 0+ we finally obtain
λ∆1 (M\BR) ≥
ζ∗
Λ
·
On the other hand, using (7.36) and the assumption vol(M) = +∞, from Theorem
3.23 and Persson formula (2.88) of [7], we obtain
λ∆1 (M\BR) ≤
α2
4
·
Comparing the last two inequalities we obtain the validity of (7.38). 
More interestingly we have the following consequence.
Corollary 7.15 Let ψ : Mm → M¯n+1 = I ×h P be a complete mean curvature
flow soliton with respect to X = h(t)∂t with c < 0, subexponential volume growth,
infinite volume and such that ψ(M\K) ⊂ [a, b] × P , for some compact K ⊂ M and
[a, b] ⊂ I. Suppose that the soliton function ζ(t) satisfies ζ(tˆ) ≥ 0 for some tˆ ∈ [a, b].
Then there exists t¯ ∈ [a, b] such that the corresponding leaf Pt¯ = {t¯} × P is a mean
curvature flow soliton of M¯ with respect to X with cˆ = nc/m.
Proof. We observe that, since M has subexponential volume growth, (7.36) holds
for each α > 0. Hence letting α ց 0+ we obtain ζ∗ ≤ 0. Since ζ(tˆ) ≥ 0 for some
tˆ ∈ [a, b], by continuity there exists t¯ ∈ [a, b] such that ζ(t¯) = 0, which means that
the corresponding leaf Pt¯ = {t¯} × P is a mean curvature flow soliton of M¯ with
respect to X with cˆ = nc/m. 
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We describe here some other consequences of Theorem 7.14. For instance, we
apply it with M¯ = R ×et Rn = Hn+1. Then ζ(t) = et(m + cet) and ζ(t) ≥ 0 on
(−∞, log(−m/c)]. However the only zero of ζ(t) is at log(−m/c); it follows that there
are no complete mean curvature flow solitons with respect to X = et∂t with c < 0,
subexponential volume growth, infinite volume and such that ψ(M\K) ⊂ [a, b]×Rn
for some compact K ⊂ M and b < log(−m/c).
Reasoning in a similar way and representing Hn+1\{o} as R+×sinh tSn, we deduce
that there are no complete mean curvature flow solitons with respect to the vector
field X = sinh t∂t with c < 0, subexponential volume growth, infinite volume and
such that ψ(M\K) ⊂ [a, b] × Sn for some compact subset K ⊂ M and cosh b <
−(m+√m2 + 4c2)/2c.
Finally we explicitly state the next result, again a further direct consequence of
Theorem 7.14.
Corollary 7.16 Let ψ : Mm → M¯n+1 = (0,+∞)×tP be a complete mean curvature
flow soliton with respect to X = t∂t and c < 0. Assume volM = +∞ and
lim sup
r→+∞
log volBr
r
= α ∈ R+
Moreover, suppose that for some compact K ⊂M
ψ(M\K) ⊂ [a, b]× P,
for some [a, b] ⊂ (0,+∞). Then
b ≥
√
8m+ α2a2
α2 − 8c · (7.39)
Proof. Note that in this case ζ(t) = m+ ct2 so that
ζ∗ = inf
[a,b]
ζ(t) = m+ cb2.
Furthermore,
ηˆ(t) =
∫ t
a
s ds =
1
2
(t2 − a2).
Therefore (7.38) of Theorem 7.14 yields
m+ cb2 ≤ α
2
8
(
b2 − a2),
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from which (7.39) follows at once. 
Note that Corollary 7.16 applies in particular to M¯ = Rn+1\{o} = (0,+∞)×tSn.
In case ψ : Mm → Rn+1\{o} = (0,+∞)×t Sn is proper and c < 0, estimate (7.39)
becomes b ≥ √−m/c. Indeed, because of properness the volume growth of the
geodesic balls of M is at most polynomial.
8 A further fundamental equation and some char-
acterization results
The aim of this section is to provide a useful expression for the weighted Laplacian
of the squared norm of H, and infer some interesting geometric consequences.
Proposition 8.1 Let ψ : Mm → M¯n+1 be a mean curvature flow soliton with respect
to a closed conformal vector field X ∈ Γ(TM¯) on M¯ . Let H be its mean curvature
vector field. Then
1
2
∆−cT |H|2 = −cϕ|H|2 − |IIH|2 + |(∇¯(·)H)⊥|2 −mc〈∇¯ϕ¯,H〉 − trM R¯(·,H)H, (8.1)
where T is the tangential component of X along the immersion ψ,
ϕ¯ =
1
n+ 1
divM¯X, (8.2)
and ϕ = ϕ¯ ◦ ψ.
Proof. From (3.9) we have
1
2
〈∇|H|2, U〉 = −c IIH(T, U), for all U ∈ Γ(TM). (8.3)
Differentiating (8.3), we deduce
1
2
〈∇U∇|H|2, V 〉 = 1
2
U〈∇|H|2, V 〉 − 1
2
〈∇|H|2,∇UV 〉
= −c U(IIH(T, V )) + c IIH(T,∇UV ) = −c∇UIIH(T, V )− c IIH(∇UT, V ).
On the other hand Codazzi’s equation may be written in the form
∇UIIH(T, V )−∇T IIH(U, V ) = −〈R¯(ψ∗U, ψ∗T )H, ψ∗V 〉
+〈∇¯ψ∗UH, II(T, V )〉 − 〈∇¯ψ∗TH, II(U, V )〉.
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We note that the soliton equation cX⊥ = H implies that
〈∇¯ψ∗UH, II(T, V )〉 = c〈∇¯ψ∗U(X − ψ∗T ), II(T, V )〉
= cϕ〈ψ∗U, II(T, V )〉 − c〈∇¯ψ∗Uψ∗T, II(T, V )〉 = −c 〈II(T, U), II(T, V )〉.
Therefore,
1
2
〈∇U∇|H|2, V 〉 = −c∇T IIH(U, V ) + c〈R¯(ψ∗U, ψ∗T )H, ψ∗V )
+c2〈II(T, U), II(T, V )〉+ c〈∇¯ψ∗TH, II(U, V )〉 − cIIH(∇UT, V ).
Taking traces and using (3.1) again we get
1
2
∆|H|2 = −c〈∇|H|2, T 〉+ cgij〈R¯(ψ∗∂i, X)H, ψ∗∂j)− gij〈R¯(ψ∗∂i,H)H, ψ∗∂j)
+c2|II(T, ·)|2 + c
2
〈∇|H|2, T 〉 − cgij(IIH)kj 〈∇¯ψ∗∂iψ∗T, ψ∗∂k〉
= − c
2
〈∇|H|2, T 〉+ cgij〈R¯(ψ∗∂i, X)H, ψ∗∂j)− gij〈R¯(ψ∗∂i,H)H, ψ∗∂j)
+c2|II(T, ·)|2 − cgij(IIH)kj 〈∇¯ψ∗∂iX,ψ∗∂k〉+ gij(IIH)kj 〈∇¯ψ∗∂iH, ψ∗∂k〉
= − c
2
〈∇|H|2, T 〉+ cgij〈R¯(ψ∗∂i, X)H, ψ∗∂j)− gij〈R¯(ψ∗∂i,H)H, ψ∗∂j)
+c2|II(T, ·)|2 − cϕ gij(IIH)kjgik − gij(IIH)kj 〈∇¯ψ∗∂iψ∗∂k,H〉,
and we conclude that
1
2
∆|H|2 = − c
2
〈∇|H|2, T 〉+ cgij〈R¯(ψ∗∂i, X)H, ψ∗∂j)− gij〈R¯(ψ∗∂i,H)H, ψ∗∂j)
+c2|II(T, ·)|2 − cϕ|H|2 − |IIH|2.
Now, using (8.3) we obtain
1
2
∆−cT |H|2 = 1
2
∆|H|2 + c
2
〈∇|H|2, T 〉
= −cϕ|H|2 + |(∇¯(·)H)⊥|2 − |IIH|2 + cgij〈R¯(ψ∗∂i, X)H, ψ∗∂j)− gij〈R¯(ψ∗∂i,H)H, ψ∗∂j).
On the other hand (2.9) yields
R¯(ψ∗∂j ,H)X = ∇¯ψ∗∂j ϕ¯H− ∇¯Hϕ¯ψ∗∂j − ϕ¯[ψ∗∂j ,H] = 〈∇¯ϕ¯, ψ∗∂j〉H− 〈∇¯ϕ¯,H〉ψ∗∂j .
Then, we deduce
gij〈R¯(ψ∗∂i, X)H, ψ∗∂j) = gij〈R¯(ψ∗∂j ,H)X,ψ∗∂i) = −m〈∇¯ϕ¯,H〉.
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Finally, note that
gij〈R¯(ψ∗∂i,H)H, ψ∗∂j) = trM R¯(·,H)H.
This finishes the proof of (8.1). 
In the particular case where M¯n+1 = I×hP is a warped product and X = h(t)∂t,
we know that T = ∇η and ϕ¯ = h′(t). Therefore, ∆−cT = ∆−cη, ϕ¯ = h′(t), ϕ =
h′(π ◦ ψ) and
∇¯ϕ¯ = h′′(t)∂t = h
′′(t)
h(t)
X.
In what follows, to simplify the writing, we will denote with h, h′ and h′′ the functions
h(t), h′(t) and h′′(t) along the immersion ψ, that is,
h = h(π ◦ ψ), h′ = h′(π ◦ ψ), h′′ = h′′(π ◦ ψ). (8.4)
Observe that, along the immersion and using the soliton equation (3.1), one has
〈H, ∂t〉 = 1
h
〈H, X⊥〉 = 1
ch
|H|2. (8.5)
This gives
c〈∇¯ϕ¯,H〉 = h
′′
h
|H|2. (8.6)
Moreover, if P has constant sectional curvature κ, from (4.9) we deduce
trM R¯(·,H)H = m
( κ
h2
− h
′2
h2
)
|H|2 (8.7)
−
( κ
h2
+
1
h2
(
h′′h− h′2))(m〈H, ∂t〉2 + |∂⊤t |2|H|2).
Therefore, using (8.5), (8.6) and (8.7), the two last terms in (8.1) can be easily
written in the form
−mc〈∇¯ϕ¯,H〉−trM R¯(·,H)H = −(m−1)
( κ
h2
+
1
h2
(
h′′h−h′2))|H|2(1−|H|2
c2h2
)
. (8.8)
Furthermore, observe that ∂t = ∂
⊤
t + ∂
⊥
t where ∂
⊤
t = ∇(π ◦ ψ) and, by the soliton
equation (3.1),
∂⊥t =
1
h
X⊥ =
1
ch
H.
Hence,
|∇(π ◦ ψ)|2 = |∂⊤t |2 = 1− |∂⊥t |2 = 1−
|H|2
c2h2
≥ 0.
Summing up, we have proved the following
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Corollary 8.2 Suppose that M¯n+1 = I ×h P is a warped product space with P of
constant sectional curvature κ, and let ψ : Mm → M¯n+1 be a mean curvature flow
soliton with respect to X = h(t)∂t. Let H be its mean curvature vector field. Then
1
2
∆−cη|H|2 = −ch′|H|2 − |IIH|2 + |(∇¯(·)H)⊥|2 (8.9)
−(m− 1)
( κ
h2
+
1
h2
(
h′′h− h′2))|H|2(1− |H|2
c2h2
)
,
where
1− |H|
2
c2h2
= |∇(π ◦ ψ)|2 ≥ 0. (8.10)
Recall that M¯ = I ×h P has constant sectional curvature κ¯ if and only if P has
constant sectional curvature κ and h is a solution of the differential equations
−h
′′(t)
h(t)
=
κ
h2(t)
− h
′2(t)
h2(t)
= κ¯.
Therefore, as a direct consequence of Corollary 8.2, we obtain
Corollary 8.3 Suppose that M¯n+1 = I×hP is a warped product space with constant
sectional curvature and let ψ : Mm → M¯n+1 be a mean curvature flow soliton with
respect to X = h(t)∂t. Let H be its mean curvature vector field. Then
1
2
∆−cη|H|2 = −ch′|H|2 − |IIH|2 + |(∇¯(·)H)⊥|2 (8.11)
As a first consequence of Corollary 8.2 we prove the following
Theorem 8.4 Let ψ : Mm → M¯n+1 = I ×h P be a complete mean curvature flow
soliton with respect to X = h(t)∂t. Assume that P has constant sectional curvature
κ with
κ ≤ inf
M
(h′2 − h′′h) (8.12)
inf
M
(
κ− h′2
h2
)
> −∞, (8.13)
and
ch′ + |II|2 ≤ 0 on M. (8.14)
If |H| ∈ L2(M, ecη dM) then the mean curvature vector is parallel and either H ≡ 0
or otherwise |II|2 ≡ −ch′ on M .
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Proof. First of all we observe that (8.12) is equivalent to
κ− h′2
h2
≤ −h
′′
h
on M
and therefore, with the notations of Theorem 6.1, we have
κ = min
{
− h
′′
h
,
κ− h′2
h2
}
=
κ− h′2
h2
on M.
Then, (8.13) is equivalent to infM κ > −∞ and, again with the notations of Theorem
6.1, we have
Λ + inf
M
κ ≤ 1
m− 1 supM (ch
′ + |II|2) ≤ 0. (8.15)
Hence, denoting by r(x) = distM(o, x) the distance in M from a fixed origin o ∈M ,
we know from (6.15) of Theorem 6.1 that
∆−cηr(x) ≤ C0 + (m− 1)Λ+r(x) on M \BR0 (8.16)
for a sufficiently small radius R0 > 0, where the constant C0 = C0(BR0) > 0 is fixed
once R0 is so.
Fix T and R such that R0 < T < R and let α ∈ C1(R+0 ) ∩ C2([0, R)) satisfy
α(r) ≥ 0 on R+0 ,
α(r) ≡ 1 on [0, T ], α(r) ≡ 0 on [R,+∞)
and
|α′(r)| ≤ C
R− T on [0, R], |α
′′(r)| ≤ C
(R− T )2 on [0, R],
for some constant C > 0 independent of R and T . Next we define the cut-off function
f(x) = α(r(x)).
Then we have
f ≥ 0 on M, f(x) ≡ 1 on BT , f(x) ≡ 0 on M\BR
and
∇f = 0 on ∂BR ∪ BT ∪ (M\BR), |∇f | ≤ C
R− T ·
We also have
∆−cηf ≡ 0 on BT ∪ (M\BR).
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Since
∆−cηf = α′(r)∆−cηr + α′′(r) on B¯R\BT
using (8.16) and α′(r) ≡ 0 on [0, T ] we deduce
∆−cηf ≤ C R
R− T +D
1
R− T + E
1
(R− T )2 on M (8.17)
for some constants C,D,E ≥ 0, independent of R and T .
Let u ≥ 0 be any C2(M) function. Then
div(fecη∇u) = f div(ecη∇u) + 〈∇f,∇u〉ecη
= f ecη∆−cηu+ 〈∇f,∇u〉ecη
so that, since f ≡ 0 on ∂BR and ∇f ≡ 0 on BT , by the divergence theorem we have∫
BR
f ecη∆−cηu+
∫
BR\BT
〈∇f,∇u〉ecη = 0. (8.18)
Now computing
div(uecη∇f) = uecη∆−cηf + ecη〈∇u,∇f〉 (8.19)
and applying again the divergence theorem, observing that
∇f ≡ 0 on ∂BR ∪ ∂BT ,
we deduce ∫
BR\BT
uecη∆−cηf +
∫
BR\BT
〈∇u,∇f〉ecη = 0.
Inserting into (8.18) we obtain∫
BR
fecη∆−cηu =
∫
BR\BT
uecη∆−cηf. (8.20)
We now let u = |H|2 and let T = R/2. It follows from Corollary 8.2, (8.10),
(8.12) and (8.14) that
∆−cηu = −ch′u− |IIH|2 + |∇¯⊥H|2 − (m− 1)
( κ
h2
+
1
h2
(
h′′h− h′2))u(1− u
c2h2
)
≥ −ch′u− |IIH|2 + |(∇¯(·)H)⊥|2
≥ −(ch′ + |II|2)u+ |(∇¯(·)H)⊥|2 (8.21)
≥ 0 on M,
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where we have used the fact that |IIH|2 ≤ |II|2|H|2 with equality if and only if M
is pseudo-umbilical. In particular, since f ≥ 0 and ∆−cηu ≥ 0 on M and f ≡ 1 on
BR/2 we obtain from (8.20)∫
BR/2
ecη∆−cηu ≤
∫
BR/2
ecη∆−cηu+
∫
BR\BR/2
fecη∆−cηu
=
∫
BR
fecη∆−cηu (8.22)
=
∫
BR\BR/2
uecη∆−cηf.
Using (8.17) we deduce from here∫
BR/2
ecη∆−cηu ≤ C
(
1 +
1
R
+
1
R2
)∫
BR\BR/2
uecη (8.23)
for some C > 0 sufficiently large and independent on R. Using inequalities (8.21) in
(8.23) yields
0 ≤ −
∫
BR/2
(ch′ + |II|2)uecη +
∫
BR/2
|∇¯⊥H|2ecη ≤ C
2
(
1 +
1
R
+
1
R2
)∫
BR\BR/2
uecη.
Since |H| ∈ L2(M, ecη dM), letting R→ +∞ from the above we infer |∇¯⊥H| ≡ 0 so
that u = |H|2 is constant and if u 6≡ 0 then
|II|2 ≡ −ch′,
completing the proof.
Observe that in the case where |H|2 is a positive constant one gets ∆−cηu = 0 and
all the inequalities in (8.21) are equalities. It follows from here that M is pseudo-
umbilical, ch′+ |II|2 ≡ 0 and, in case inequality (8.12) is strict, we also have equality
in (8.10). This means that M is contained in a slice Pt¯ such that |H|2 = c2h2(t¯) and
|II|2 = −ch′(t¯). 
Next result in some sense extends work of Cao and Li [8] and Ding and Xin [19].
We obtain the same conclusion of Theorem 8.4 but under different assumptions.
Theorem 8.5 Let ψ : Mm → M¯n+1 = R ×h P be a complete mean curvature flow
soliton with respect to X = h(t)∂t. Assume that P has constant sectional curvature
κ and that (8.12) and (8.13) are satisfied. Furthermore, let
h(t) /∈ L1(+∞) (8.24)
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with
lim
t→+∞
ζ(t) = −∞, (8.25)
where ζ(t) = mh′(t) + ch2(t) is the soliton function, and
π ◦ ψ(x)→ +∞ as x→∞ in M. (8.26)
Set Ωγ = {x ∈M : |H|2(x) > γ} and suppose that, for some γ ∈ R, Ωγ 6= ∅ and
|II|2(x) ≤ sup
Ωγ
(−ch′(π ◦ ψ)) ∈ R. (8.27)
Then the mean curvature vector is parallel and either H ≡ 0 or otherwise |II|2 ≡
−ch′ on M .
Proof. As in the proof of Theorem 8.4, with the aid of Corollary 8.2 and (8.12) and
(8.13), we arrive at the differential inequality
∆−cηu ≥ −(ch′ + |II|2)u+ |(∇¯(·)H)⊥|2 on M, (8.28)
with u = |H|2. Next we observe that because of (8.26) and (8.24)
η(x) =
∫ π◦ψ(x)
t0
h(s)ds→ +∞ as x→∞ in M.
Furthermore, from (8.25) and equation (5.6) of Proposition 5.1
∆−cηη → −∞ as x→∞ in M.
Since M is complete, according to the discussion after Definition 6.3 the function η
satisfies the Khas’minskii test for ∆−cη-parabolicity. From (8.28) we then obtain
∆−cηu ≥ 0 on Ωγ .
Now because of (8.27) u is bounded above on Ωγ . Using Ahlfors parabolicity we
deduce that if Ωγ 6≡ M , and therefore ∂Ωγ 6= ∅,
sup
Ωγ
u = sup
∂Ωγ
u = γ,
which is a contradiction. Hence Ωγ = M and u is constant on M . From (8.28) it
then follows that H is parallel and either H ≡ 0 or −ch′(π ◦ ψ) ≡ |II|2 on M . 
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Remark 8.1 Suppose that M¯ = Rn+1. Without loss of generality we can suppose
that ψ(M) ⊂ Rn+1\{o} so that the latter can be represented as the warped product
(0,+∞)×tSn and ψ : M → (0,+∞)×tSn. Now we have X = t∂t the position vector
field. Then η(x) = |ψ|2(x) so that assuming ψ to be a proper immersion (8.26) is
satisfied. Clearly, since h(t) = t (8.24) is satisfied too and (8.25) is satisfied if c < 0.
As for the requirement (8.27), it means
|II|2 ≤ −c on Ωγ .
In this case, for instance using Theorem 4 of [33] and Theorem 1 of [47] the conclusion
of Theorem 8.5 yields that either the immersion is totally geodesic or ψ(M) is a
product of the type Sk(
√−k/c) × Rm−k for some 1 ≤ k ≤ m. This result compares
directly with Theorem 4 if [8] (see also [19]). We observe that Theorem 8.5 compares
also with Theorem 9.7 below.
For the sake of completeness, we include here the following proof of Remark 8.1,
adapted from [8] to our situation. If H = 0 then 〈X,Nα〉 = 0 for all Nα in a
local orthonormal frame in the normal bundle. This means that the position vector
field is tangent to the submanifold. Then, its integral curves are contained in the
submanifold which is, therefore, totally geodesic. If |II|2 = −c and H 6= 0 with
X⊤ = T ≡ 0 then H = cX⊥ = cX what implies that |ψ|2 = |X|2 = c2|H|2. Since
∇⊥H = 0 we have ∇|H|2 = 0 and then |ψ|2 = constant. In this case, ψ(M) is
immersed into a sphere. In general we observe that (3.6) may be written in local
coordinates as
∇⊥∂iHα = −c hαijT j.
Differentiating both sides we get
−∇⊥∂i∇⊥∂jH = −∇⊥∂i(∇⊥∂jH) +∇⊥∇∂i∂jH = c∇
⊥
∂i
(II(T, ∂j))− c II(T,∇∂i∂j)
= c(∇⊥∂iII)(T, ∂j) + c II(∇∂iT, ∂j) + c II(T,∇∂i∂j)− c II(T,∇∂i∂j)
= c(∇⊥∂iII)(T, ∂j) + c II(∇∂iT, ∂j).
However
c II(∇∂iT, ∂j) = c(∇∂iT )kII(∂k, ∂j) = c(∇¯∂iX − ∇¯∂iX⊥)kII(∂k, ∂j)
= cϕδki II(∂k, ∂j)− (∇¯∂iH)kII(∂k, ∂j) = cϕII(∂i, ∂j)− gkℓII−H(∂i, ∂ℓ)II(∂k, ∂j).
Therefore
∇⊥∂i∇⊥∂jH = −c(∇⊥∂iII)(T, ∂j)− cϕII(∂i, ∂j) + gkℓII−H(∂i, ∂ℓ)II(∂k, ∂j). (8.29)
59
In terms of components
∇⊥∂i∇⊥∂jHα = −c T k∇⊥∂ihαjk − cϕhαij + (II−H)ki hαkj.
Since ∇⊥H = 0 we conclude that
II(T, ·) = 0
and
c(∇⊥∂iII)(T, ∂j) + cϕII(∂i, ∂j)− gkℓII−H(∂i, ∂ℓ)II(∂k, ∂j) = 0. (8.30)
In coordinates
cT k∇⊥∂ihαjk + cϕhαij − (II−H)ki hαkj = 0.
Now, differentiating
|II|2 = −c
in the direction of T and with respect to the normal connection yields (using Co-
dazzi’s equation for space forms)
0 =
c
2
〈∇|II|2, T 〉 = c
2
∑
α
T
(
(hα)ijhαij
)
= c(hα)ij∇⊥T hαij = c(hα)ijT k∇⊥∂khαij
= c(hα)ijT k∇⊥∂ihαjk = −cϕ(hα)ijhαij + (II−H)ik(hα)kj (hα)ij .
We conclude that
(II−H)ik(hα)kj (h
α)ij = c|II|2 = −c2, (8.31)
that is,
Hβhβik(h
α)kj (h
α)ij = −c|II|2 = c2.
Now we use Simons’ equation (see for instance Proposition 1.4 in [2])
0 =
1
2
∆|II|2 = |∇⊥II|2 + (hα)ij(trIIα);ij − (hα)ij(hβ)ij(hα)kℓ(hβ)kℓ + (hα)ij(hα)ik(hβ)jk(hβ)ℓℓ
+2(hα)ij(h
α)kℓ(hβ)jk(hβ)iℓ − 2(hα)ik(hα)kj(hβ)iℓ(hβ)jℓ.
In an open subset U ⊂M where H 6= 0 we set
Nn−m+1 =
H
|H|
Therefore for all α we have
tr IIα = g
ij〈II(∂i, ∂j), Nα〉 = 〈H, Nα〉︸ ︷︷ ︸
=Hα
= |H|δn−m+1α
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Since |H| = constant it follows that
(trIIα);ij = 0.
Moreover
gikgjℓ〈II(∂i, ∂j),H〉〈II(∂k, ∂ℓ),H〉 ≤ |II|2|H|2.
In coordinates ∑
α,β
hαij(h
β)ijHαHβ ≤ |II|2|H|2.
However
∇T |II −Hg|2 = 〈∇⊥T II −∇⊥THg, II −Hg〉 =
1
2
T |II|2 −Hαgij∇⊥T hαij
= −Hα∇⊥T gijhαij = −Hα∇⊥THα = −∇T |H|2 = 0.
Therefore
II = Hg
what implies that
IIα = 0
for all α 6= n−m+ 1 and
−c = |II|2 = (hn−m+1)ijhn−m+1ij
with
hn−m+1ij = |H|gij.
Using all this information in Simons’ formula we get
|∇⊥II|2 = 0
on U ⊂M , that is,
∇⊥II = 0 on U.
The proof now follows as in [8] at the end of the proof of Theorem 1.1.
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8.1 First applications in the codimension one case: Einstein
ambient spaces
In what follows we will be mainly concerned with the codimension one case, where
the equations above become simpler.
Indeed, let ψ : Mm → M¯m+1 be a codimension one mean curvature flow soliton
with respect to a closed conformal vector field X ∈ Γ(TM¯) on M¯ . Having chosen a
local unit normal N to the immersion, we have
H = HN, |H|2 = H2, |IIH|2 = H2|A|2 and |(∇¯(·)H)⊥|2 = |∇H|2,
where
H = 〈H, N〉 = c 〈X,N〉 (8.32)
and A denotes the Weingarten operator in the unit direction N . From (4.1) and
(8.32) it follows directly that
∇H = −cAT (8.33)
where we recall here that T = X⊤ is the tangential component of X . Observe that
(4.1) implies also that
∇UT = ϕU + H
c
AU (8.34)
for any U ∈ Γ, where ϕ = ϕ¯ ◦ ψ. Hence, using Codazzi equation, for any U, V ∈
Γ(TM) we have
〈∇U∇H, V 〉 = −c〈(∇UA)T, V 〉 − cϕ〈AU, V 〉 −H〈AU,AV 〉 (8.35)
= −c〈(∇TA)U, V 〉+ c〈R¯(U, T )N, V 〉 − cϕ〈AU, V 〉 −H〈AU,AV 〉.
Therefore
∆H = −c〈∇H, T 〉+ cRicM¯(T,N)− (cϕ+ |A|2)H.
In other words
∆−cTH = cRicM¯(T,N)− (cϕ+ |A|2)H. (8.36)
In particular, if M¯ is Einstein we deduce
∆−cTH = −(cϕ+ |A|2)H, (8.37)
and
∆−cTH2 = −2(cϕ + |A|2)H2 + 2|∇H|2. (8.38)
As a first application of the latter equation we have the following result, which
compares with Theorem 1.1 in [13].
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Theorem 8.6 Let ψ : Mm → M¯m+1 be a codimension one mean curvature flow
soliton with respect to a closed conformal vector field X ∈ Γ(TM¯) and c < 0. Suppose
that M¯ is Einstein. Assume the validity of the weak maximum principle for the
operator ∆−cT on M , where T = X⊤. Finally suppose that
sup
M
H2 < +∞. (8.39)
Then either
sup
M
(|A|2 + cϕ) ≥ 0, (8.40)
where ϕ = 1
m+1
divM¯X ◦ ψ, or
H ≡ 0 on M. (8.41)
Remark 8.2 We note that (8.40) in particular implies
sup
M
|A|2 ≥ −c inf
M
ϕ. (8.42)
Proof. Since M¯ is Einstein from (8.38) we have
1
2
∆−cTH2 = (−cϕ− |A|2)H2 + |∇H|2. (8.43)
If
sup
M
(|A|2 + cϕ) ≥ 0
there is nothing to prove. Otherwise, suppose that
sup
M
(|A|2 + cϕ) < 0.
Then |A|2 < −cϕ on M , so that
H2 ≤ m|A|2 < −mcϕ ≤ −mc sup
M
ϕ. (8.44)
Furthermore,
inf
M
(−cϕ− |A|2) = C > 0. (8.45)
By the weak maximum principle for the operator ∆−cT onM , there exists a sequence
{xk}∞k=1 in M such that
H2(xk) > sup
M
H2 − 1
k
and ∆−cTH2(xk) <
1
k
· (8.46)
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Using (8.43) it follows that
2(−cϕ(xk)− |A|2(xk))H2(xk) ≤ 2|∇H|2(xk) + 2(−cϕ(xk)− |A|2(xk))H2(xk)
= ∆−cTH2(xk) <
1
k
from which we infer
C
(
sup
M
H2 − 1
k
)
< inf
M
(−cϕ(xk)− |A|2(xk))H2(xk) < 1
2k
·
Passing to the limit as k → +∞ we conclude that
sup
M
H2 = 0,
that is, H ≡ 0 on M . 
Similarly, we also get the following result, which compares with Theorem 1.2 in
[13].
Theorem 8.7 Let ψ : Mm → M¯m+1 be a codimension one, oriented mean curvature
flow soliton with respect to a closed conformal vector field X ∈ Γ(TM¯) and c < 0.
Suppose that M¯ is Einstein. Assume the validity of the weak maximum principle for
the operator ∆−cT on M . Finally suppose that infM H2 > 0 and supM |A|2 < +∞.
Then
inf
M
(|A|2 + cϕ) ≤ 0, (8.47)
where
ϕ =
1
m+ 1
divM¯X ◦ ψ.
Remark 8.3 We note that (8.47) in particular implies
inf
M
|A|2 ≤ −c sup
M
ϕ. (8.48)
Proof of Theorem 8.7. Up to choosing an appropriate unit normal N to the hyper-
surface we can suppose that for H = 〈H, N〉,
inf
M
H = C1 > 0.
We set u = −H and we use (8.37) to obtain
∆−cTu = (cϕ+ |A|2)H ≥ inf
M
(|A|2 + cϕ)H.
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Thus assuming by contradiction that
inf
M
(|A|2 + cϕ) = C2 > 0
we deduce
∆−cTu ≥ C1C2 > 0.
An application of the weak maximum principle directly yields the desired contradic-
tion. 
On the other hand, since
4H2|∇H|2 = |∇H2|2,
equation (8.38) yields
H2∆−cTH
2 = −2(cϕ+ |A|2)H4 + 2|∇H|2H2
= −2(cϕ+ |A|2)H4 + 1
2
|∇H2|2. (8.49)
In other words, in the codimension one case and if M¯ is Einstein the function u =
H2 ≥ 0 satisfies
u∆−cTu+ 2(cϕ+ |A|2)u2 = 1
2
|∇u|2 on M. (8.50)
In particular, when M¯ = I ×h P is a warped product space we have T = ∇η and
ϕ = h′, and (8.50) becomes
u∆−cηu+ 2(ch′ + |A|2)u2 = 1
2
|∇u|2 on M. (8.51)
As a consequence of the above equations we have
Theorem 8.8 Let ψ : Mm → M¯m+1 = I ×h P be a complete codimension one mean
curvature flow soliton with respect to X = h(t)∂t, with M¯ Einstein. Assume that,
for some µ > 1/2,
λ
Lµ
1 (M) ≥ 0,
where Lµ is the operator
Lµ = ∆−cη + 2µ(ch′ + |A|2).
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Suppose that, for some 1 ≤ q ≤ 2µ(∫
∂Br
H2qecη dM
)−1
/∈ L1(+∞). (8.52)
Then, H is constant on M . Furthermore, if |A|2 6≡ −ch′ then H ≡ 0.
In order to prove Theorem 8.8 we need to recall the next result, whose proof is a
minor variation of that of Theorem 4.5 in [43].
Theorem 8.9 Let (M, 〈, 〉, e−fdM) be a complete weighted manifold with f ∈ C∞(M)
and a(x) ∈ L∞loc(M). Let u ∈ Liploc(M) satisfy the differential inequality
u∆fu+ a(x)u
2 + α|∇u|2 ≥ 0 weakly on M (8.53)
for some α ∈ R. Let v ∈ Liploc(M) be a positive solution of
∆fv + µa(x)v ≤ 0 weakly on M (8.54)
for some µ, and suppose that
α + 1 ≤ µ, µ > 0. (8.55)
If (∫
∂Br
u2(β+1)e−f
)−1
/∈ L1(+∞) (8.56)
holds for some β satisfying
α ≤ β ≤ µ− 1, β > −1. (8.57)
then there exists a constant C ∈ R such that
Cv = sgnu |u|µ. (8.58)
Furthermore,
(i) If α+ 1 < µ, then u is constant on M , and if in addition a(x) does not vanish
identicall, then u ≡ 0.
(ii) If α+1 = µ and u does not vanish identically, then v and therefore |u|µ satisfy
(8.54) with equality sign.
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Remark 8.4 Consider the operator
Lµf = ∆f + µa(x) (8.59)
and set
λ
Lµf
1 = inf
{∫
M
(|∇w|2 − µa(x)w2)e−f∫
M
w2e−f
: w ∈ C∞c (M), w 6≡ 0
}
(8.60)
to denote the spectral radius of the operator Lµf on (M, 〈, 〉, e−fdM). We recall that,
according to a minor variation of a result of Fischer-Colbrie and Schoen [22], the
requirement
λ
Lµf
1 ≥ 0 (8.61)
is equivalent to the existence of a positive solution v of
Lµfv = ∆fv + µa(x)v = 0, (8.62)
that is, v solves (8.54) with equality sign.
Proof of Theorem 8.8. The proof is now an immediate consequence of Theorem 8.9
and Remark 8.4, and of the differential equality (8.51), with the choices u = H2 ≥ 0,
f = −cη, a(x) = 2(ch′ + |A|2), α = −1
2
, µ > 1
2
and β = q
2
− 1, so that H2q = u2(β+1).
This completes the proof. 
Remark 8.5 Note that condition (8.52) is implied by
H2q ∈ L1(M, ecη dM), 1 ≤ q ≤ 2µ (8.63)
8.2 Further applications
In what follows we consider the case where M¯m+1 = I ×h Pm is a warped product
space, not necessarily Einstein. In this case we know that T = ∇η and ϕ = h′, so
that (8.36) becomes
∆−cηH = cRicM¯(∇η,N)− (ch′ + |A|2)H. (8.64)
Observe now that
RicM¯(Z,X) = −m
h′′
h
〈Z,X〉 (8.65)
67
for every vector field Z ∈ Γ(TM¯). Therefore, using (8.32) and the soliton equation
we have
cRicM¯(∇η,N) = −RicM¯(H, N) + cRicM¯(X,N)
= −H
(
RicM¯(N,N) +m
h′′
h
)
,
which jointly with (8.64) implies
∆−cηH = −
(
RicM¯(N,N) +m
h′′
h
)
H − c(h′ + |A|2)H. (8.66)
Therefore,
1
2
∆−cηH2 = H∆−cηH + |∇H|2 (8.67)
= −(ch′ + |A|2)H2 + |∇H|2 −H2
(
RicM¯(N,N) +m
h′′
h
)
.
As a consequence of this equation we have the following
Theorem 8.10 Let ψ : Mm → M¯m+1 = (a,+∞) ×h P , a ≥ −∞, be a complete,
orientable codimension one mean curvature flow soliton with respect to the vector
field X = h(t)∂t with h /∈ L1(+∞). Let N be a chosen unit normal vector field along
ψ and let H be given by H = HN . Assume
(i) RicM¯(N,N) ≤ KM¯ for some constant KM¯ ∈ R
(ii) limx→∞(π ◦ ψ)(x) = +∞
(iii) lim supt→+∞ ζ(t) < 0
where
ζ(t) = mh′(t) + ch2(t)
is the soliton function. Furthermore, suppose that there exists γ ∈ R such that
(iv) Ωγ = {x ∈M : H2(x) > γ} 6= ∅
(v) Γ = inf [γ,+∞)
(
− ch′ −mh′′
h
)
−KM¯ ≥ 0.
(vi) |A|2 ≤ Γ on Ωγ.
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Then either H ≡ 0 or |A|2 = Γ and H is constant on M .
Remark 8.6 Note that the conditions on the completeness of M together with as-
sumptions ii) and iii) in the statement of Theorem 8.10 will be used only to show that
M is ∆−cη-parabolic. Clearly, for γ > 0 the alternative H ≡ 0 cannot happen.
Proof. By assumptions ii) and iii), using equation (5.6) we have that
∆−cηη = ζ(π ◦ ψ) < 0 on M\K
for some compact K ⊂M where η(x) = ηˆ((π ◦ ψ)(x)). From h /∈ L1(+∞), assump-
tion ii) and the definition of η we deduce that
η(x)→ +∞ as x→∞ in M.
Since M is complete, from Theorem 4.12 of [2] we deduce that M is ∆−cη-strongly
parabolic. In particular, it is parabolic in the usual sense and Ahlfors parabolic (see
page 246 of [2]). Because of i), v), and vi) from (8.67) we obtain
1
2
∆−cηH2 ≥
(
−ch′ −mh
′′
h
−KM¯ − |A|2
)
H2
≥ (Γ− |A|2)H2 ≥ 0 on Ωγ . (8.68)
If Ωγ 6≡M then ∂Ωγ 6= ∅. Furthermore, because of vi)
sup
Ωγ
H2 < +∞. (8.69)
Hence, by Ahlfors parabolicity of ∆−cη, (8.68) and (8.69) yield
sup
Ωγ
H2 = sup
∂Ωγ
H2 = γ,
which is a contradiction because Ωγ 6= ∅. It follows that Ωγ ≡M and H2 is bounded
above on M . Since M is ∆−cη-parabolic from (8.68), now on M , it follows that H2
is constant. If H 6≡ 0, from (8.68) we deduce |A|2 = Γ and from (8.67) it results that
|∇H| = 0 completing the proof. 
It is interesting to analyze Theorem 8.10 in some special cases. For instance,
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Corollary 8.11 Let ψ : Mm → Rm+1 be a complete, orientable, codimension one
self-shrinker (that is, c < 0). Assume that, for some fixed v ∈ Sm
lim
x→∞
〈ψ(x), v〉 = +∞. (8.70)
Suppose that there exists γ ∈ R such that
Ωγ = {x ∈M : H2(x) > γ} 6= ∅
and
|A|2 ≤ −c on Ωγ .
Then, either H ≡ 0 or |A|2 ≡ −c and H is constant. In the first case ψ is a totally
geodesic hyperplane while in the second ψ(M) is a product of the form Sn(
√−n/c)×
Rm−n for some 1 ≤ n ≤ m− 1.
Proof of Corollary 8.11. Since ψ(M) is necessarily different from Rm+1 because of
dimensional reasons we can fix an origin o /∈ ψ(M) in Rm+1. By definition ψ is
a mean curvature flow soliton with respect to X = t∂t and c < 0, where we are
representing Rm+1\{o} as (0,+∞)×tSm having (0,+∞) in the direction determined
by v. Then (8.70) yields (π◦ψ)(x)→ +∞ as x→∞. In this case, h(t) = t, KM¯ = 0,
ζ(t) = m+ ct2 with c < 0 and Γ = −c > 0. It then follows from Theorem 8.10 that
either H ≡ 0 or |A|2 = −c. The last statement follows immediately from [8]. 
Remark 8.7 Since H2 ≤ m|A|2 and |A|2 ≤ −c on Ωγ necessarily γ ∈ (−∞,−mc).
Corollary 8.11 is a slight extension of a result of Cao and Li in [8], where the codi-
mension is arbitrary. As we shall see next, Theorem 8.10 indeed extends to arbitrary
codimension giving, in favourable circunstaces, interesting geometric conclusions.
Specifically, we can state the following general result.
Theorem 8.12 Suppose that M¯n+1 = (a,+∞)×h P , a ≥ −∞, is a warped product
space with constant sectional curvature and let ψ : Mm → M¯n+1 be a complete mean
curvature flow soliton with respect to the vector field X = h(t)∂t with h /∈ L1(+∞).
Assume
(i) limx→∞(π ◦ ψ)(x) = +∞
(ii) lim supt→+∞ ζ(t) < 0
where
ζ(t) = mh′(t) + ch2(t)
is the soliton function. Furthermore, suppose that there exists γ ∈ R such that
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(iii) Ωγ = {x ∈M : |H|2(x) > γ} 6= ∅
(iv) Γ = inf [γ,+∞)
(
− ch′
)
≥ 0.
(v) |II|2 ≤ Γ on Ωγ.
Then either H ≡ 0 or |II|2 = Γ on M and H is parallel .
Proof. Reasoning as in the proof of Theorem 8.10, we deduce that ∆−cη is Ahlfors
parabolic onM . Because of iv) and v), from (8.11) we obtain using |IIH|2 ≤ |II|2|H|2
1
2
∆−cη|H|2 ≥
(−ch′ − |II|2) |H|2 ≥ (Γ− |II|2)|H|2 ≥ 0 on Ωγ . (8.71)
If Ωγ 6≡ M then ∂Ωγ 6= ∅. Furthermore, because of v) and using |H|2 ≤ m|II|2 we
have
sup
Ωγ
|H|2 < +∞. (8.72)
Hence, by Ahlfors parabolicity of ∆−cη, (8.71) and (8.72) yield
sup
Ωγ
|H|2 = sup
∂Ωγ
|H|2 = γ,
which is a contradiction because Ωγ 6= ∅. It follows that Ωγ ≡ M and |H|2 is bounded
above on M . Since M is ∆−cη-parabolic, from (8.71), now on M , it follows that |H|2
is constant. If H 6≡ 0, from (8.71) we deduce |II|2 = Γ and from (8.11) it results
that |(∇¯H)⊥| = 0 completing the proof. 
As a direct consequence of Theorem 8.12 we have the following
Corollary 8.13 Let ψ : Mm → Rn+1, n ≥ m, be a complete self-shrinker (that is,
c < 0). Assume that, for some v ∈ Sn,
〈ψ(x), v〉 → +∞ as x→∞ in M (8.73)
and let
|II|2 ≤ −c. (8.74)
Then either H ≡ 0 or |II|2 ≡ −c and H is parallel and Remark 8.1 applies.
Proof. Observe that ψ(M) 6= Rn+1 since n ≥ m. Fix an origin o ∈ Rn+1 such
that o /∈ ψ(M). Consider the axis determined by v and represent Rn+1\{o} as
(0,+∞)t × Sn with warping function h(t) = t. With these choices, if H 6≡ 0 then
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Theorem 8.12 applies directly with γ = 0 to conclude that |II|2 = −c on M and H
is parallel. At this point, Remark 8.1 applies. 
Observe that representing either Hn+1\{o} = (0,+∞)×sinh t Sn or Hn+1 = R×et
Rn, conclusions that parallel those of Theorem 8.12 can be drawn in this case too.
For instance we have
Corollary 8.14 Let ψ : Mm → Hn+1 = R×etRn, n ≥ m, be a complete self-shrinker
with respect to X = et∂t (that is, c < 0). Suppose that
π ◦ ψ(x)→ +∞ as x→∞ in M (8.75)
and
|II|2 ≤ −c. (8.76)
Then either H ≡ 0 or |II|2 ≡ −c on M and H is parallel.
9 Applications of a Simons’ type formula
This section is devoted to deduce some geometric consequences of Simons’ formula
that we express, for codimension one mean curvature flow solitons, in a form conve-
nient for our purposes. Note that in this section our target manifold is not necessarily
always a warped product.
Proposition 9.1 Let M¯m+1 be a Riemannian manifold of constant sectional curva-
ture κ and let ψ : Mm → M¯m+1 be a codimension one mean curvature flow soliton
with respect to a closed conformal vector field X ∈ Γ(TM¯). Denote with A the
Weingarten operator in the direction of some local unit normal to the immersion.
Then
1
2
∆−cT |A|2 = |∇A|2 − (cϕ+ |A|2)|A|2 + (m|A|2 −H2) κ, (9.1)
where
ϕ =
1
m+ 1
divM¯X ◦ ψ.
Proof. Simons’ formula for hypersurfaces in spaces of constant sectional curvature
reads as
1
2
∆|A|2 − |∇A|2 = tr(A ◦ ∇∇H) +HtrA3 − |A|4 + κ(m|A|2 −H2). (9.2)
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For a proof of this formula, we refer to [2, Lemma 6.1], paying attention that in our
definition here we are taking H = tr(A) instead of mH = tr(A). From subsection
8.1 we recall that, in case of codimension one mean curvature flow solitons, we have
H = c〈X,N〉
that gives (see (8.33))
∇H = −cAT.
Since M¯ has constant sectional curvature, (8.35) becomes
〈∇U∇H, V 〉 = −c〈(∇TA)U, V 〉 − cϕ〈AU, V 〉 −H〈AU,AV 〉
for any U, V ∈ Γ(TM). Therefore
〈A,∇∇H〉 = − c
2
〈∇|A|2, T 〉 − cϕ|A|2 −HtrA3,
and we obtain
1
2
∆|A|2 − |∇A|2 = − c
2
〈∇|A|2, T 〉 − cϕ|A|2 − |A|4 + κ(m|A|2 −H2).
That is,
1
2
∆−cT |A|2 = |∇A|2 − (cϕ+ |A|2)|A|2 +mκ|A|2 − κH2, (9.3)
as desired. 
Motivated by a result of Huisken [27], and as a simple application of the classical
strong maximum principle, we prove
Theorem 9.2 Let M¯m+1 be a Riemannian manifold of constant sectional curvature
κ ≥ 0 and let ψ : Mm → M¯m+1 be a compact, orientable codimension one mean
curvature flow soliton with respect to a closed conformal vector field X ∈ Γ(TM¯).
Assume that H = 〈H, N〉 does not change sign on M , where N is a unit normal to
the immersion.
(i) If κ > 0 then either H ≡ 0 or the immersion is totally umbilical (and hence
H > 0 is constant).
(ii) If κ = 0 and ϕ does not change sign on M , then H is constant.
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Proof. We recall from (8.33) and (8.37) that
∇H = −cAT (9.4)
and that for a manifold of constant sectional curvature κ
∆−cTH = −(cϕ+ |A|2)H (9.5)
with H = 〈H, N〉 and
ϕ =
1
m+ 1
divM¯X ◦ ψ.
Without loss of generality we can assume H ≥ 0 on M . Thus if H(x) = 0 for
some x ∈M , by the strong maximum principle (see [24] page 35) and (9.5) we have
H ≡ 0 on M , in particular H is constant. Hence we can suppose H > 0 on M . In
this case a computation gives
∆−cT
( |A2|
H2
)
=
1
H2
∆−cT |A|2 − 4
H3
〈∇H,∇|A|2〉+ |A|2∆−cT 1
H2
=
1
H2
∆−cT |A|2 − 4
H3
〈∇H,∇|A|2〉 − 2
H3
|A|2∆−cTH + 6
H4
|∇H|2|A|2.
Hence, using (9.1) and (9.5) we obtain
∆−cT
( |A2|
H2
)
=
2
H2
(
m− H
2
|A|2
)
κ|A|2 + 2
H2
|∇A|2 − 4
H3
〈∇H,∇|A|2〉+ 6
H4
|∇H|2|A|2.
We rewrite this expression in the form
∆−cT
( |A2|
H2
)
=
2
H2
(
m− H
2
|A|2
)
κ|A|2 + 2
H4
(
H2|∇A|2 − 2〈H∇H,∇|A|2〉+ 3|∇H|2|A|2)
=
2
H2
(
m− H
2
|A|2
)
κ|A|2 + 2
H4
(− 〈H∇H,∇|A|2〉+ 2|∇H|2|A|2)
+
2
H4
(
H2|∇A|2 − 〈H∇H,∇|A|2〉+ |∇H|2|A|2).
Next we observe that an easy computation yields〈
∇
( |A|2
H2
)
,∇H
〉
= − 1
H3
(−〈H∇H,∇|A|2〉+ 2|∇H|2|A|2)
and
|∇H ⊗ A−H∇A|2 = |∇H|2|A|2 −H〈∇H,∇|A|2〉+H2|∇A|2.
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Substituting into the above equation we finally obtain
∆−cT
( |A2|
H2
)
=
2
H4
|∇H ⊗ A−H∇A|2 + 2
(
m− H
2
|A|2
)
κ
|A|2
H2
− 2
H
〈
∇
( |A|2
H2
)
,∇H
〉
=
2
H4
|∇H ⊗ A−H∇A|2 + 2
(
m− H
2
|A|2
)
κ
|A|2
H2
−
〈
∇
( |A|2
H2
)
,∇ logH2
〉
.
In other words,
∆−cT−∇ logH2
( |A2|
H2
)
=
2
H4
|∇H ⊗A−H∇A|2 + 2
(
m− H
2
|A|2
)
κ
|A|2
H2
(9.6)
Note that, by Newton’s inequalities
m|A|2 −H2 ≥ 0,
with equality holding if and only if the immersion is totally umbilical and therefore,
since κ ≥ 0, (9.6) yields
∆−cT−∇ logH2
( |A2|
H2
)
≥ 0 on M. (9.7)
Since M is compact, the strong maximum principle then implies that |A|2/H2 is a
positive constant on M and hence by (9.6) we also have
|∇H ⊗A−H∇A|2 ≡ 0 on M (9.8)
and (
m− H
2
|A|2
)
κ ≡ 0 on M. (9.9)
If κ > 0, (9.9) directly implies m|A|2 = H2 and the immersion is totally umbilical
(and hence H is constant).
On the other hand, if κ = 0 from (9.8) we obtain ∇H ⊗ A = H∇A that, by
Codazzi equation, is a symmetric tensor. Therefore,
U(H)AV = V (H)AU (9.10)
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for any U, V ∈ Γ(TM). In this case we conclude that H is constant. Indeed,
otherwise, let U = {x ∈ M : ∇H(x) 6= 0} 6= ∅. At a given point x ∈ U we
may choose a local orthonormal frame {E1, . . . , Em} such that E1 = ∇H/|∇H| and
Ei(H) = 0 for every i ≥ 2. Equation (9.10) implies then that AE1 = HE1 and
AEi = 0 for every i ≥ 2. In particular, |A|2 = H2 on U and therefore everywhere on
M . From (9.5) we then have
∆H = −(cϕ +H2)H − c〈T,∇H〉. (9.11)
On the other hand, using equation (8.34) we also obtain
div(HT ) = 〈T,∇H〉+HdivT = 〈T,∇H〉+H
(
mϕ+
H2
c
)
. (9.12)
Putting the two equations together we deduce
∆H + c div(HT ) = c(m− 1)ϕH. (9.13)
Integrating (9.13) gives
∫
M
ϕH = 0. Since H > 0 and ϕ does not change sign on
M , this implies ϕ ≡ 0. Inserting ϕ ≡ 0 into (9.11) and using the strong maximum
principle we get the desired contradiction. Summing up, H is constant on M and
this finishes the proof. 
We now extend the result to the complete, non-compact case, under some ex-
pected further assumptions.
Theorem 9.3 Let M¯m+1 = I ×h Pm be of constant sectional curvature κ ≥ 0 and
let ψ :Mm → M¯m+1 be a complete, non-compact, orientable codimension one mean
curvature flow soliton with respect to X = h(t)∂t and such that H = 〈H, N〉 does not
change sign with respect to the unit normal vector field N . Assume that the function
η
|H|(x)→ +∞ as x→∞ in M.
and suppose
lim sup
x→∞
1
|H|
(
mh′(π ◦ ψ) + ch2(π ◦ ψ)) < +∞.
Furthermore assume
lim sup
x→∞
(ch′(π ◦ ψ) + |A|2) < 0
and
sup
M
|A|2
H2
< +∞. (9.14)
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(i) If κ > 0 then either H ≡ 0 or the immersion is totally umbilical (and hence
H > 0 is constant).
(ii) If κ = 0 then
|∇H ⊗ A−H∇A|2 = 0 (9.15)
Proof. As in Theorem 9.2, since H = 〈H, N〉 does not change sign, then either
H ≡ 0 or H is never zero on M by the maximum principle applied to (9.5) with
ϕ = h′(π ◦ψ). If H ≡ 0 then there is nothing to prove; otherwise we can suppose, up
to have chosen N appropriately, that H > 0 on M . With H > 0 on M , considering
the weighted Laplacian ∆−cη−logH2 and taking into account that now T = ∇η, we
see that we can rewrite (9.6) into the form
∆−cη−logH2
( |A2|
H2
)
=
2
H4
|∇H ⊗ A−H∇A|2 + 2
(
m− H
2
|A|2
)
κ
|A|2
H2
. (9.16)
where
m|A|2 −H2 ≥ 0
with equality holding if and only ofM is totally umbilical, and therefore, since κ ≥ 0,
(9.16) yields
∆−cη−logH2
( |A2|
H2
)
≥ 0 on M. (9.17)
The next step is to show thatM is parabolic with respect to ∆−cη−logH2 . Towards
this aim we compute
∆−cη
(
1
H
)
= − 1
H2
∆−cηH +
2
H3
|∇H|2.
Hence, using (9.5)
∆−cη
(
1
H
)
=
1
H
(ch′(π ◦ ψ) + |A|2) + 2
H3
|∇H|2
=
1
H
(ch′(π ◦ ψ) + |A|2) + 2
H
|∇ logH|2.
By Proposition 5.1,
∆−cηη = mϕ+ c|X|2 = mh′ + ch2,
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where to simplify notations we write h and h′ respectively for denoting h(π ◦ψ) and
h′(π ◦ ψ). Using the above equations, we obtain
∆−cη
(
η
H
)
=
1
H
∆−cηη + η∆−cη
(
1
H
)
− 2
H2
〈∇H,∇η〉
=
1
H
(mh′ + ch2) +
1
H
(ch′ + |A|2)η + 2
H
|∇ logH|2η − 2
H
〈∇ logH,∇η〉.
Observing that〈
∇ logH2,∇ η
H
〉
=
2
H
〈∇ logH,∇η〉 − 2
H
|∇ logH|2η,
we rewrite the above in the form
∆−cη−logH2
(
η
H
)
=
1
H
(mh′ + ch2) + (ch′ + |A|2) η
H
. (9.18)
Setting
v =
η
H
,
the assumptions of the Theorem give
v(x)→ +∞ as x→∞ in M
and
∆−cη−logH2v < 0
outside a compact set. Thus, by Theorem 4.12 of [2] the complete manifold M is
∆−cη−logH2-parabolic.
Once we know that M is parabolic with respect to the operator ∆−cη−logH2 , since
by (9.14) the function |A|2/H2 is bounded above, from (9.17) we deduce that |A|2/H2
is a positive constant, so that from (9.16) we immediately infer
|∇H ⊗A−H∇A|2 ≡ 0 on M (9.19)
and (
m− H
2
|A|2
)
κ ≡ 0 on M. (9.20)
If κ > 0, (9.20) directly implies m|A|2 = H2 and the immersion is totally umbilical
(and hence H is constant). If κ = 0 we obtain the validity of (9.15). This completes
the proof. 
Here is another result in the same direction, whose proof is an application of
Theorem 8.9.
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Theorem 9.4 Let ψ : Mm → M¯m+1 = I ×h P be a complete, codimension one,
orientable mean curvature flow soliton with respect to X = h(t)∂t and such that
H = 〈H, N〉 does not change sign with respect to the unit normal vector field N .
Suppose that M¯ has constant sectional curvature κ ≥ 0, and assume(∫
∂Br
|A|2 ecη dM
)−1
/∈ L1(+∞). (9.21)
(i) If κ > 0 then either H ≡ 0 or the immersion is totally umbilical (and hence
H > 0 is constant).
(ii) If κ = 0 then
|∇H ⊗ A−H∇A|2 = 0 (9.22)
Remark 9.1 Note that condition (9.21) is implied by
|A|2 ∈ L1(M, ecη dM). (9.23)
Proof. Reasoning as at the beginning of the proof of Theorem 9.3, either H ≡ 0 or
H never vanishes on M . If H ≡ 0 there is nothing to prove, so that without loss of
generality we may assume H > 0 on M .
From (9.1) in Proposition 9.1 it follows
|A|∆−cη|A| = 1
2
∆−cη|A| − |∇|A||2
= −(ch′ + |A|2)|A|2 + (m|A|2 −H2)κ+ |∇A|2 − |∇|A||2,
and hence
|A|∆−cη|A|+ (ch′ + |A|2)|A|2 = (m|A|2 −H2)κ+ |∇A|2 − |∇|A||2. (9.24)
By Newton and Kato’s inequalities the right hand side of the above equation is non-
negative provided κ ≥ 0, and setting u = |A| ≥ 0 and a(x) = (ch′ + |A|2), we finally
have
u∆−cηu+ a(x)u2 ≥ 0. (9.25)
We let v = H > 0, and rewrite (9.5) in the form
∆−cηv + a(x)v = 0.
79
Next we apply Theorem 8.9 with the choices u = |A|, v = H , f = −cη, α = 0, µ = 1
and β = 0 to conclude that if(∫
∂Br
|A|2 ecη dM
)−1
/∈ L1(+∞)
then there exists a positive constant C ∈ R such that CH = |A| and therefore
|A|2/H2 is a positive constant on M . The proof is then completed as in Theorem
9.3. 
Remark 9.2 In the particular case of translating solitons ψ : Mm → Rm+1 with
respect to a parallel vector field X ∈ Γ(TRm+1) we conclude from Theorem 9.4 that
ψ(M) is a grim hyperplane proceeding exactly as in cases 1 and 2 in the proof of
Theorem A in [39].
It is worth to observe that Theorem 8.9, that we have been using in the proof of
Theorem 9.4, can in fact be extended to the next result.
Theorem 9.5 Let (M, 〈, 〉, e−fdM) be a complete weighted manifold with f ∈ C∞(M)
and a(x) ∈ L∞loc(M). Let u ∈ Liploc(M) satisfy the differential inequality
u∆fu+ a(x)u
2 + α|∇u|2 ≥ 0 weakly on M (9.26)
for some α ∈ R. Let v ∈ Liploc(M) be a positive solution of
∆fv + µa(x)v ≤ −K |∇v|
2
v
weakly on M (9.27)
for some µ and K > −1, and suppose that
α + 1 ≤ µ(K + 1), µ > 0 µ ≥ α + 1. (9.28)
If (∫
∂Br
v
β+1
µ
(2−p)up(β+1)e−f
)−1
/∈ L1(+∞) (9.29)
holds for some p > 1 and β satisfying
α ≤ β ≤ µ(K + 1)− 1, β > −1. (9.30)
then there exists a constant C ∈ R such that
Cv = sgnu |u|µ. (9.31)
Furthermore,
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(i) If α+1 < µ(K +1), then u is constant on M , and if in addition a(x) does not
vanish identically, then u ≡ 0.
(ii) If α + 1 = µ(K + 1) and u does not vanish identically, then v and therefore
|u|µ satisfy (9.27) with the equality sign.
Then, proceeding as in the proof of Theorem 9.4 but applying now Theorem 9.5
with the choices u = |A|, v = H , f = −cη, α = 0, µ = 1, K = 0 and β = 0, we
obtain the validity of Theorem 9.4 replacing assumption (9.21) with the more general
assumption (∫
∂Br
|H|2−p|A|p ecη dM
)−1
/∈ L1(+∞), (9.32)
for some p > 1.
As a consequence of this extended version of Theorem 9.4, in case of Euclidean
self-shrinker we obtain following
Corollary 9.6 Let ψ : Mm → Rm+1 be a complete, orientable mean curvature flow
soliton such that H = 〈H, N〉 is not identically zero and does not change sign with
respect to the unit normal vector field N . If for some p > 1
|H|2−p|A|p ∈ L1(M, ecη dM) (9.33)
then either ψ(M) is a sphere or a product of a sphere and an Euclidean factor; or
ψ(M) is cylinder of the form γ ×Rn where γ is a mean curvature flow soliton in an
Euclidean plane.
Proof. We proceed as in the proof of Theorem A in [39], cases 1 and 2. It follows
from
H∇A−∇H ⊗A = 0
that
H∇EiA(Ej , Ek)− 〈∇H,Ei〉A(Ej, Ek) = 0 (9.34)
for a given orthonormal tangent frame {Ei}mi=1. It follows from Codazzi’s equation
and the relation above that
H∇EiA(Ej , Ek) = H∇EjA(Ei, Ek) = 〈∇H,Ej〉A(Ei, Ek).
Therefore
〈∇H,Ej〉A(Ei, Ek)− 〈∇H,Ei〉A(Ej , Ek) = 0. (9.35)
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Case 1: assume H is constant. Since by assumption H = cte 6= 0, it follows from
(9.34) that
∇EiA(Ej , Ek) = 0
for all i, j, k. Therefore ∇A = 0 on M what implies ψ(M) is locally isometric to a
sphere or a product of a sphere and an Euclidean factor [33]. Those are examples of
self-shrinkers in Euclidean space.
Case 2: Now we suppose that ∇H 6= 0 on an open subset U ⊂M . Setting
E1 =
∇H
|∇H|
on U , it follows from (9.35) that
A(Ei, Ek) = 0
for i 6= 1 and any k. This implies that ψ has only one non-zero principal curvature
(since we are assuming that H 6= 0) necessarily in the direction of E1. Then the
nullity distribution
D(x) = {v ∈ TxU : A(v, ·) = 0}
has constant rank. Therefore, it is smooth and integrable with totally geodesic
integral leaves (their images by ψ being totally geodesic submanifolds in Rm+1), see
[21], [39]. Its orthogonal complement
D
⊥(x) = span{E1(x)}, x ∈ U
is also smooth and integrable and its integral curves are geodesics in M . Moreover
both distributions are parallel. One concludes that the submanifold is a product of a
curve and an Euclidean factor. Then the curve must is a mean curvature flow soliton
in an Euclidean plane. 
We end this section with another application of our Simon’s type formula for
mean curvature flow solitons given by the following
Theorem 9.7 Let ψ :Mm → M¯m+1 = I×hP be a complete, codimension one mean
curvature flow soliton with respect to X = h(t)∂t and suppose that M¯ has constant
sectional curvature κ. Assume
sup
M
(ch′(π ◦ ψ) + |A|2) < mκ, and inf
M
ch′(π ◦ ψ) > −∞. (9.36)
Then the immersion is totally umbilical.
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Proof. Let B be the umbilicity tensor, that is
B = A− H
m
I.
Since
|B|2 = |A|2 − 1
m
H2 ≥ 0,
and vanishes at the umbilical points of the immersion, it is enough to show that the
function u = |A|2− 1
m
H2 ≥ 0 vanishes on M . Towards this aim we recall from (8.38)
that
1
2
∆−cηH
2 = −(ch′ + |A|2)H2 + |∇H|2,
where to simplify notation we have set h′ in place of h′(π ◦ ψ). On the other hand,
from (9.1) we also have
1
2
∆−cη|A|2 = −(ch′ + |A|2)|A|2 +mκ
(
|A|2 − 1
m
H2
)
+ |∇A|2. (9.37)
Furthermore, a simple computation yields
|∇A|2 − 1
m
|∇H|2 =
∣∣∣∇A− 1
m
∇H ⊗ g
∣∣∣2,
where g is the metric in M induced by the immersion ψ. Putting together these last
three equations and recalling the definition of u we obtain
1
2
∆−cηu = (mκ− ch′ − |A|2)u+
∣∣∣∇A− 1
m
∇H ⊗ g
∣∣∣2. (9.38)
Under the assumption (9.36) one has supM(ch
′ + |A|2) < +∞ and therefore, by
Corollary 6.3, we have the validity of the weak maximum principle for the operator
∆−cη on M . Furthermore, (9.36) gives
(mκ− ch′ − |A|2) ≥ mκ− sup
M
(cϕ+ |A|2) = ε
2
for some ε > 0, and thus from (9.38) we obtain
∆−cηu ≥ εu on M. (9.39)
Assumption (9.36) implies also that supM u < +∞, since supM u ≤ supM |A|2 ≤
supM(ch
′ + |A|2) − infM(ch′) < +∞. Hence, using (9.39) and the weak maximum
principle for ∆−cη we deduce that u∗ = supM u = 0, taht is, u ≡ 0 on M as desired.

For instance as consequence of the above Theorem we have
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Corollary 9.8 Let ψ : Mm → Rm+1 be a complete, codimension one, mean curva-
ture flow soliton with respect to the position vector field X(x) = x with c < 0. Let A
be the Weingarten operator in the direction of some unit normal. Assume
sup
M
|A|2 < −c.
Then ψ is totally umbilical.
Remark 9.3 Corollary 9.8 compares with Corollary 8.13.
Obviously similar results hold for other space forms. We quote the following.
Corollary 9.9 Let ψ : Mm → Hm+1 = R×cosh tHm be a complete, codimension one,
mean curvature flow soliton with respect to X = cosh t∂t and let A be the Weingarten
operator in the direction of some unit normal. Assume
sup
M
|A|2 < −c inf
M
sinh(π ◦ ψ)−m, and inf
M
c sinh(π ◦ ψ) > −∞. (9.40)
Then ψ is totally umbilical.
Note that condition (9.40) obviously depend on the representation of Hm+1 and
of the corresponding choice of X . For instance,
Corollary 9.10 Let ψ : Mm → Hm+1 = R×et Rm be a complete, codimension one,
mean curvature flow soliton with respect to X = et∂t and c < 0. Let A be the
Weingarten operator in the direction of some unit normal. Assume
ψ(M) ⊂ [a, b]× Rm (9.41)
and
sup
M
|A|2 < −cea −m. (9.42)
Then ψ is totally umbilical.
10 Translating solitons
In this section we consider translating solitons ψ :Mm → M¯n+1 = R×P n mentioned
earlier in Example 3.6. Without loss of generality we may assume that c < 0.
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Theorem 10.1 Suppose that the graph Γu : P
n → R × P n is a translating soliton
with Γu(P ) ⊂ [a,+∞)× P for some a ∈ R. Assume that (P, g0) is complete and
1
volP (∂Br)
/∈ L1(+∞), (10.1)
where ∂Br is the boundary of the geodesic ball in (P, g0) of radius r centered at a
fixed origin o. Then u is constant and Γu is a slice of the natural foliation of I × P .
Proof. Let f = logW = log
√
1 + |∇Pu|2 ≥ 0. Then
volP,f(∂Br) =
∫
∂Br
e−f dP ≤ volP (∂Br)
and assumption (10.1) implies
1
volP,f(∂Br)
/∈ L1(+∞). (10.2)
Completeness of (P, g0) and (10.2) imply by Theorem 4.14 of [2] that P is parabolic
with respect to the operator
ef divP (e
−f∇P ).
By equation (3.11) the function u defining the translating soliton Γu satisfies
ef divP (e
−f∇Pu) = c < 0 (10.3)
and since u ≥ a on P we deduce that it is constant completing the proof. 
A further, in some sense refined, version of Theorem 10.1 is given in the next
result.
Theorem 10.2 Assume that (P, g0) is complete and set r(x) = distP (o, x) for some
fixed origin o ∈ P . Suppose that, for some 0 ≤ σ < 2
lim
r→+∞
log volP (Br)
r2−σ
= 0. (10.4)
Then there are no translating soliton graphs Γu : P → R× P lying above the graphs
ιβ(x) = (−β r(x)σ, x)
at infinity for any β ∈ R.
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Proof. We reason by contradiction and we we suppose that for u ∈ C∞(P ), the
graph Γu is a translating soliton graph in R× P satisfying
lim inf
r(x)→+∞
u(x)
r(x)σ
≥ −β (10.5)
for some β ∈ R. We let
f = logW = log
√
1 + |∇Pu|2 ≥ 0
and we observe that the validity of (10.4) implies
lim
r→+∞
log volP,f(Br)
r2−σ
= 0 (10.6)
Furthermore, u satisfies (10.3). From the latter and Theorem 4.4 of [2] we obtain
0 ≤ sup
P
ef divP (e
−f∇Pu) = c < 0,
a contradiction. 
11 Variational setting and stability of solitons
For the sake of simplicity in this section we restrict ourselves to the case of codimen-
sion one mean curvature flow solitons in warped spaces M¯m+1 = I ×h Pm. Recalling
the function
ηˆ(t) =
∫ t
t0
h(s) ds, t0 ∈ I
we introduce, for a fixed c ∈ R, the weighted volume functional
Acη[ψ,Ω] = volcη(ψ(Ω)) =
∫
Ω
ecη dM, (11.1)
where η(x) = ηˆ(π ◦ ψ(x)), dM is the volume element induced in M from a given
isometric immersion ψ :Mm → M¯m+1 and Ω is a relatively compact domain of M .
We have the following
Proposition 11.1 Let ψ : Mm → M¯m+1 = I ×h P be a codimension one mean
curvature flow soliton with respect to the conformal vector field X = h(t)∂t. Then
the equation
H = c 〈X,N〉 (11.2)
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on the relatively compact domain Ω ⊂ M is the Euler-Lagrange equation of the
functional (11.1). Moreover, the second variation formula for normal variations is
given by
δ2Acη[ψ,Ω] · (u, u) =
∫
M
ecη uLcηu dM, u ∈ C∞0 (Ω), (11.3)
where the stability operator Lcη is defined by
Lcηu = ∆−cηu+ (|A|2 + RicM¯,−cη¯(N,N))u. (11.4)
As before
∆−cη = ∆+ c〈∇η,∇ · 〉, (11.5)
and RicM¯,−cη¯ denotes the Bakry-Emery-Ricci tensor on M¯ associated to the function
−cη¯, where η¯ = ηˆ ◦ π. That is,
RicM¯,−cη¯ = RicM¯ − c∇¯∇¯η¯ = RicM¯ − ch′(π)〈·, ·〉. (11.6)
Remark 11.1 If M¯m+1 = Rm+1 = (0,+∞)× Sm and X = t∂t then
Acη[ψ,Ω] = volcη(Ω) =
∫
Ω
e−|X|
2/2 dM
coincides with the usual functional for self-shrinkers and self-expanders in Euclidean
space.
Proof. Given ε > 0, let Ψ : (−ε, ε)×M → M¯ be a compactly supported variation of
ψ in Ω ⊂ M with Ψ(0, · ) = ψ and normal variational vector field
∂Ψ
∂s
∣∣∣
s=0
= uN
for some function u ∈ C∞0 (Ω) and N a local unit normal vector field along ψ. Then
d
ds
∣∣∣
s=0
volcη[Ψs(Ω)] =
∫
Ω
ecη (c〈X,N〉 −H)u dM.
Hence, stationary immersions are characterized by the scalar soliton equation
H − c 〈X,N〉 = 0 on Ω ⊂M
which yields (11.2). Now we compute the second variation formula. At a stationary
immersion we have
d2
ds2
∣∣∣
s=0
volcη[Ψs(Ω)] =
∫
M
ecη
d
ds
∣∣∣
s=0
(c〈Xs, Ns〉 −Hs)u dM.
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Using the fact that
∇¯∂sN = −∇u,
we compute
d
ds
∣∣∣
s=0
〈X,N〉 = 〈∇¯∂sX,N〉+ 〈X, ∇¯∂sN〉 = ϕ〈∂s, N〉 − 〈X,∇u〉,
where ϕ = h′(π ◦ ψ), and recalling that X⊤ = ∇η we conclude that
d
ds
∣∣∣
s=0
〈X,N〉 = uϕ− 〈X,∇u〉 = uϕ− 〈∇η,∇u〉.
Since
d
ds
∣∣∣
s=0
H = ∆u+ (|A|2 + RicM¯(N,N))u,
we obtain
d
ds
(
H − c〈X,N〉) = ∆u+ c〈∇η,∇u〉+ |A|2u+ (RicM¯(N,N)− cϕ)u
= ∆−cηu+ |A|2u+ RicM¯,−cη¯(N,N)u,
where
RicM¯,−cη¯ = RicM¯ − c∇¯∇¯η¯ (11.7)
is the Bakry-Emery-Ricci tensor associated to the function −cη¯. This latter follows
from the fact that
RicM¯,−cη¯(N,N) = RicM¯(N,N)− c〈∇¯N∇¯η¯, N〉
= RicM¯(N,N)− c〈∇¯NX,N〉
= RicM¯(N,N)− cϕ.
This finishes the proof of the proposition. 
We introduce the obvious
Definition 11.1 The codimension one, mean curvature flow soliton ψ : Mm →
M¯m+1 = I ×h P with respect to X = h(t)∂t is said to be stable, with finite (infinite)
index if so is the stability operator Lcη defined in (11.4).
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For instance, using equations (8.66) and (11.6) we deduce that
∆−cηH = −HRicM¯,−cη¯(N,N)H − |A|2H −
(
2ch′ +m
h′′
h
)
H, (11.8)
or in other words
LcηH = ∆−cηH +
(|A|2 + RicM¯,−cη¯(N,N))H
= −
(
2ch′ +m
h′′
h
)
H. (11.9)
From equation (11.9) we have the next consequence.
Proposition 11.2 Let ψ : Mm → M¯m+1 = I ×h P be a complete, codimension one
mean curvature flow soliton with respect to X = h(t)∂t. Let ψ be orientable and
suppose that we can choose a unit normal N such that H = 〈H, N〉 > 0 on M .
Furthermore assume that
inf
M
(
2ch′ +m
h′′
h
)
≥ 0.
Then the immersion ψ is stable.
For the proof of Proposition 11.2 we first recall that from Lemma 3.10 of [43]
with a minor variation of the proof we deduce the validity of the following
Lemma 11.3 Let (M, 〈, 〉) be a complete Riemannian manifold, f ∈ C∞(M), Ω ⊂
M be a domain in M and let q(x) ∈ L∞loc(Ω). The following facts are equivalent:
(i) There exists w ∈ C1(Ω), w > 0, weak solution of
∆fw − q(x)w = 0 on Ω.
(ii) There exists ϕ ∈ H1loc(Ω), ϕ > 0, weak solution of
∆fϕ− q(x)ϕ ≤ 0 on Ω.
(iii) λ
Lf
1 (Ω) ≥ 0, where Lfu = ∆fu− q(x)u.
Here λ
Lf
1 (Ω) is the first eigenvalue of the operator Lf on Ω which is variationally
characterized by the Rayleigh quotient
λ
Lf
1 (Ω) = inf
ϕ∈C∞c (Ω),ϕ 6≡0
∫
Ω
(|∇ϕ|2 + q(x)ϕ2) e−f∫
Ω
ϕ2e−f
.
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Now from equation (11.9) and our assumptions we have
LcηH ≤ 0 on M.
Then, by the Lemma above we immediately conclude that the operator Lcη is stable.
In the proof of our next results we will apply the following weighted version of
Theorem 7.8 in [7], in the simplest case where (following the notation of Theorem
7.8 in [7]) one has α = 1 and β = 0. The proof is just a simple adaptation of the
proof in [7] for the standard Laplace-Beltrami operator.
Lemma 11.4 Let M be a complete, non-compact Riemannian manifold such that
volcη(∂Br) ≤ Ceαr for r ≫ 1 (11.10)
and some constants C, α ≥ 0, where ∂Br is the boundary of a geodesic ball in M of
radius r centered at a fixed origin o ∈M . Then
λ
∆−cη
1 (M\BR) ≤
α2
4
. (11.11)
Now we are ready to give our first result.
Theorem 11.5 Let ψ : Mm → M¯m+1 = I ×h P be a complete, codimension one
mean curvature flow soliton with respect to X = h(t)∂t. Suppose that M¯ is Einstein
and that
sup
M
(
m
h′′
h
+ ch′
)
(π ◦ ψ) = Θ ≤ 0. (11.12)
Assume the volume growth condition (11.10) and that ψ has finite index. Then
α ≥ 2√−Θ. (11.13)
Proof. First we observe that since M¯ is Einstein, we necessarily have
RicM¯ = −m
h′′
h
〈·, ·〉
and the stability operator Lcη becomes
Lcη = ∆−cη +
(
|A|2 −mh
′′
h
− ch′
)
.
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Therefore, since ψ has finite index, there exists a compact set K ⊂ M and, by
completeness, a geodesic ball BR ⊃ K, and a solution u ∈ C2(M\BR), u > 0 of
Lcηu = 0 on M\BR. That is,
∆−cηu = −
(
|A|2 −mh
′′
h
− ch′
)
u on M\BR.
Thus, by a variation of Barta’s theorem we obtain
λ
∆−cη
1 (M\BR) ≥ inf
M\BR
(
− ∆−cηu
u
)
= inf
M\BR
(
|A|2 −mh
′′
h
− ch′
)
≥ −Θ ≥ 0.
On the other hand, by the volume growth assumption (11.10) and from Lemma
11.4 we have
λ
∆−cη
1 (M\BR) ≤
α2
4
·
Putting the two inequalities together we have
α2 + 4Θ ≥ 0,
that is, (11.13). 
Remark 11.2 A similar result holds by replacing the assumption that M¯ is Einstein
with that of non-negative Ricci curvature. In that case, under the assumption
sup
M
ch′(π ◦ ψ) ≤ 0
the same reasoning as above gives (11.13) where now Θ = supM ch
′(π ◦ ψ).
Similarly we have
Corollary 11.6 Let ψ : Mm → M¯m+1 = I ×h P be a complete, codimension one
mean curvature flow soliton with respect to X = h(t)∂t and oriented by the unit
normal N . Suppose that ψ(M) ⊆ [a, sup I)× P . Assume ch′′ ≤ 0,
RicM¯(N,N) ≥ 0 on [a, sup I)× P,
and the volume growth request (11.10). Then either ψ has infinite index or
α2 + 4ch′(a) ≥ 0,
where α is as in (11.10).
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Specializing the corollary we obtain
Corollary 11.7 Let ψ : Mm → Hm+1 = R ×et Rm be a complete, codimension one
mean curvature flow soliton with respect to X = et∂t and satisfying the volume growth
assumption (11.10). Assume that ψ(M) ⊆ [a,∞)× Rm. Then either ψ has infinite
index or, otherwise,
α2 + 4cea ≥ 0, (11.14)
where α is as in (11.10).
Remark 11.3 Inequality (11.14) is quite interesting since, for a soliton of finite
index, it relates the “size” of its image with the growth of the volume of geodesic
spheres.
In this direction, recalling that a complete, proper self-shrinker ψ : Mm → Rm+1
has at most polynomial volume growth, we deduce
Corollary 11.8 There are no complete proper self-shrinkers ψ : Mm → Rm+1 with
c < 0 and image contained in a halfspace [a,∞)× Rm for any a ∈ R.
Clearly this result compares with the Halfspace Theorem by Hoffman and Meeks
[26].
We now recall the following general fact, see Theorem 13 of [7]
Proposition 11.9 Let (M, 〈, 〉, e−fdM) be a complete weighted manifold, a(x) ∈
C0(M) and for
vf (r) = volf(∂Br) =
∫
∂Br
e−f
let
a¯(r) =
1
vf(r)
∫
∂Br
ae−f (11.15)
be the weighted spherical mean of a(x). Assume
1
vf (r)
∈ L1(+∞) (11.16)
and for some r0 > 0,
A(r) ≤ a¯(r) on [r0,∞)
with A ∈ C0(R+0 ) and satisfying
lim
r→+∞
∫ r
r0
A(s)vf (s)
∫ +∞
s
dt
vf (t)
ds = +∞. (11.17)
Then the operator ∆f + a(x) has infinite index.
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Remark 11.4 In Proposition 11.9 conditions (11.16) and (11.17) can be replaced
respectively by
1
vf (r)
/∈ L1(+∞)
and
lim
r→+∞
∫ r
r0
A(s)vf(s)
(∫ s
r0
dt
vf (t)
)σ
= +∞
for some r0 > 0 and σ ∈ (0, 1). Note that the range of σ cannot be improved to (0, 1].
With the aid of the previous proposition we prove
Theorem 11.10 Let ψ : Mm → M¯m+1 = I ×h P be a complete, codimension one
mean curvature flow soliton with respect to X = h(t)∂t with c < 0, local unit normal
N and such that ψ(M) ⊂ [a, b]× P, [a, b] ⊂ I. Suppose h′(t) > 0 on [a, b] and
RicM¯(N,N) ≥ 0 on [a, b]× P. (11.18)
Furthermore assume
(i)
1
vol(∂Br)
∈ L1(+∞) (11.19)
(ii) vol(∂Br)
∫ +∞
r
d̺
vol(∂B̺)
/∈ L1(+∞) (11.20)
Then ψ(M) has infinite index.
Proof. Since ψ(M) ⊂ [a, b]×P , considered the stability operator Lcη in (11.4) we see
that condition (11.19) is equivalent to (11.16). From the assumption on h′ we have
inf
M
h′(π ◦ ψ) = C > 0.
Hence, using (11.18) for the coefficient of the linear term of Lcη we have
|A|2 + RicM¯,−c ¯eta(N,N)|A|2 + RicM¯(N,N)− ch′(π ◦ ψ) ≥ C
on M . Thus, with the choice A(r) = C, assumption (11.20) is equivalent to (11.17).
Applying Proposition 11.9 we deduce that the soliton has infinite index. 
Specializing the theorem we obtain
Corollary 11.11 Let ψ : Mm → Hm+1 = R ×et Rm be a complete, codimension
one mean curvature flow soliton with respect to X = et∂t woth c < 0 and with
ψ(M) ⊂ [a, b] × Rm. Assume (11.19) and (11.20). Then the soliton has infinite
index.
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